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FORTY-FOUR NEW WHITE DWARFS IN THE SOUTHERN 
HEMISPHERE 


By WILLEM J. LuUYTEN 
UNIVERSITY OF MINNESOTA 
Communicated by H. Shapley, August 11, 1951 


After the completion of the Bruce Proper Motion Survey all stars found 
to possess large proper motions were observed for color in the hope of dis 
covering new white dwarfs. The writer has been fortunate in obtaining 
for this venture the whole-hearted cooperation of the Steward Observatory 
in Tucson, Ariz., and of the Cordoba Observatory in Argentina. All stars 
south of declination —60° and with proper motions larger than 073 annu 
ally have now been observed by Messrs. Martin Dartayet and David Me 
Leish and twenty-one white dwarfs have been found. At the same time 
five more probable white dwarfs were found incidentally among the stars 
with smaller motions visible on the plates for this program, thus bringing 
the total number of such stars found on Cordoba plates to twenty-six. 
All of these have been announced on Announcement Cards from the Har 
vard Observatory. 

The fact, however, that a few such white dwarfs were found among faint 
stars with small proper motion suggested that many more could be found 
if the colors of all stars for which proper motions had been measured could 
be determined. Such a general color survey was made possible by grants 
from the Rumford Fund of the American Academy of Arts and Sciences 
and through the cooperation of the Harvard Observatory. Virtually all 
stars for which proper motions have been measured and published in the 
General Catalog of the Bruce Proper Motion Survey have been examined. 
The details of the method followed and the results obtained will be pub 
lished in the Proceedings of the American Academy of Arts and Sctences, 
but it was thought worth while to present here a summary of the most 
important findings. 

The vast majority of the 16,000 stars examined are red, of course, but 
from among this number more than 800 stars were singled out as definitely 
bluer than expected. Not all of these are white dwarfs, but even the 


nomenclature presently in use for such stars is so confused that a brief 





638 ASTRONOMY: W. J. LUYTEN Proc. N. A. S 


description of the terms to be used should be given. Stars of very low 
luminosity and negative or only slightly positive color index are generally 
called white dwarfs; these occupy the lower left corner of the H-R dia 
gram. But here the consensus of opinion ends and confusion begins. 
Most astronomers term the locus in the H-R diagram running from upper 
left to lower right, i.e., from the highly luminous O stars to the feebly lumi 
nous M stars the Main Sequence. Eggen, however, calls Vega (M = 0, 
AO) a “bright blue dwarf’; on this system an ordinary highly luminous 
early O star should be called a “bright violet dwarf” though it is more than 
a thousand times as luminous as a star of absolute magnitude +3 and spec 
tral class KO which Kuiper calls a ‘‘subgiant.’’ Kuiper calls the stars be 
tween the main sequence and the white dwarfs ‘‘subdwarfs” or ‘under 
luminous’ stars but such a typical subdwarf of M = +5, AQ, is only 100 
times less luminous than an ordinary main sequence A star, but one thou 
sand to ten thousand times more luminous than some white dwarfs of the 
same color. 

While one may hope that this present bizarre nomenclature will not per 
manently ingrain itself into astronomical literature, it seems unlikely that 
the present confusion will soon resolve itself, because up to now it has not 
been possible to locate and classify all these stars with certainty in the H-R 
diagram from either color, spectral class, proper motion, or a combinaton 
of them, and parallaxes for very faint stars are no longer being determined. 
Ultimately, when matters become clarified, we may well have to re 
sort to such classifications as ‘‘main-sequence,”’ ‘‘semidegenerate,’’ 
and “‘degenerate’’ and perhaps more, but until such time comes the 
present writer prefers to adhere to the simple descriptive term proposed by 
Adams, viz., “‘intermediate,’’ to designate those stars that lie between the 
main sequence and the true white dwarfs, in addition to retaining the terms 
“main sequence’ and “white dwarfs.’’ While this expedient may lack 
precision it is at least consistent and avoids ambiguity as much as possible. 

Conforming to this terminology, then, the majority of the 800 stars 
cited above probably should be classified as intermediates and only com 
paratively few will be genuine white dwarfs. Owing to the very large un 
certainties inherent in the method used for estimating the color indices of 
the stars these white dwarfs cannot now be identified with individual cer 
tainty. 

The torty-four stars finally selected to be included among the probable 
white dwarfs are those for which the probability that they are such ts 
highest; they will undoubtedly not all remain in this group individually 
but for every one in the present list which may subsequently turn out to be 
an intermediate or even a main-sequence star lying in a heavily obscured 
region, another star should move in from the present list of intermediates. 
The writer believes that the present list represents the best estimate in 
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TABLE | 
BPM I R.A. 1950 DRC H “ 
3116 91-71 3°42"°0 —67°19’ 5. Ov 11 
3523 31-99 446.5 —78 57 : 0.061 
3638 31-84 5 j 76 38 0. 124 
4225 32-11 6 24 75 40 ; O86 
$400 33-11 7 75 18 q 062 
5102 63-60 & 48 73 , 111 
5109 139-26 ba 61 438 O98 
5401 140-38 ( j 60 36 j 046 
6082 64 Y ; ) 71 174 
6114 101-26 9 57.8 66 { 072 
H502 101-8 2.6 69 278 
6961 67-! 8 —70 3% 2.6 114 
7263 108-4 §7.! 130) 
7543 104- 2 23.8 5 56 186 
7961 69- 2 57.4 72 18 f 187 
8474 148 
9040 150-55 
9OS85 107-2! 
9164 108 
9216 151 
9306 151 
9323 +] 
9402 151- 
V483 108 
9944 53 
10197 154 
SOO ba 
10552 111 17 
10564 111-7! 17 
921 7 17 
11316 157 18 
11655 118 IS: 
11995 114-2 18 57 
12527 114-35: 19: 
2772 79-5 19 
12848 80-56 19 58 
13163 162-: 20 Is 
13491 116-76 20 36 
13537 162-160 20 4 31 
13673 117-181 20 § 
138533 17-70 21 10.§ 17 37 
14184 164-165 21 34.8 4 45 
14942 83-2 22 3: 9 57 


15727 26-23 93 37.7 76 03 


“ Probably strong obscuration in these fields 
” Jor the stars south of — X80 the direction of the proper motion is given relative to the 


hour circle of 0" R.A. passing through the South Pole. 
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number, and kind, that can now be made from the existing material. Data 
for these stars are given in table 1, where the different columns give, in 
order, the star's designation, both the BPM and the L numbers, the posi 
tion for 1950, the apparent photographic magnitude. the total annual 
proper motion and its direction, and the estimated color index. 

In conclusion it is a pleasure to express the author’s indebtedness to the 
Rumford Committee of the American Academy of Arts and Sciences for 
their grants which made possible this investigation, and to Dr. Harlow 
Shapley, director of the Harvard College Observatory, not only for his 
willingness to have this large program added to the already heavy burden 
of the Harvard Southern Station, but also for his continued interest in it 
and for making all the needed facilities of the Harvard Observatory avail 
able for the execution of this research. 


ALTERNATIVE AMINO ACID REQUIREMENTS IN AUXOTRO 
PHIC MUTANTS OF SALMONELLA TYPHIMURIUM* 


By H. H. PLlouGH, HELEN Y. MILLER AND MARION E. BERRY 


BIOLOGICAL LABORATORY, AMHERST COLLEGE, AMHERST, MASSACHUSETTS 


Communicated by A. F. Blakeslee, August 27, 1951 


In a recent paper describing radiation induced auxotrophic mutants in 
Salmonella typhimurium (Plough, Young and Grimm, 1950, table 3),' we 
listed a number of strains having alternative amino acid requirements not 
previously found in either Escherichia coli or Neurospora. We have de 
layed a more intensive study of these alternates until our data on the 
correlation between the numbers of mutants isolated by the penicillin 
screening technique and the radiation dosage was completed. Meantime 


at his request we have sent several of the alternates to Dr. Bernard D. 
Davis for an independent check of their requirements by the methods which 
he has described for testing mutants of /. colt (Davis 1950).? Davis has re 
ported (personal communication) that he was able to confirm our findings 
of alternative requirements in the case of cysteine or methionine only, and 
that certain of the alternates appeared from his tests to be mixed cultures 
of two mutants. We have, therefore, undertaken a complete recheck of 
all our mutant strains of Salmonella which in the initial tests showed 
growth on more than one amino acid, and the results are reported here. We 
find that certain of the alternates are indeed mixed strains although iso 
lated from single colonies and growing in culture over many transplants 
without showing any tendency toward overgrowth of either. In general 
this confirms the opinion of Davis that mutants isolated in Salmonella are 
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of essentially the same nature as those in /. colt and reveal no unexpected 
linkages or pathways of synthesis. 

For the initial retests we selected two strains: one of which grew on 
either cysteine or methionine, and another on cysteine or proline, and re- 
plated on the complete medium in appropriate dilutions. Colonies were 
then picked at random, and the clones tested on minimal agar plates sup 
plemented by 20 micrograms per ml. of the DL form of the appropriate 
amino acid by the reversed Beijerinck paper disk method described in our 
earlier paper. The test showed that the cysteine or methionine auxotroph 
was a true alternate. On the other hand the other strain gave not only 
colonies with alternative requirements but also two separate strains, one 
requiring cysteine and one proline. Thus it was clear that the cysteine 
proline alternate was a mixture as Davis had suggested. We have care 
fully checked our methods of isolation of the initial mutants, but can dis 
cover no error in technique which will account for the isolation of such mix 
tures. For our complete medium we used Difco brain heart infusion agar. 
The radiated suspensions in the appropriate dilution were mixed in a layer 
of warm fluid agar, layered between an upper and a lower layer of sterile 
agar in a petri plate. This insured that all colonies were subsurface, and 
uniformly placed on the middle layer. Since isolations were made only 
from plates having well-spaced colonies, it appears that where a suspension 
contains a number of different mutant strains of a single species clumps may 
give rise to colonies containing more than one mutant. 

Following this demonstration we then proceeded to retest all of the other 
strains in our stocks which were listed as having alternative requirements 
by a somewhat less laborious method. Each strain was streaked on a com 
plete agar plate, a single clone isolated and then transferred to a sector on 
each of two minimal agar plates supplemented with one or the other of the 
nutrilites in question. If colonies were formed on incubation they were 
transferred to new plates with the opposite requirement. After the third 


such reversal it was found in a number of cases that two strains could be 


isolated, one growing on one nutrilite and failing to grow on the other while 
the second showed the reverse requirement. ‘Thus the stock listed as hav 
ing an alternative requirement for cysteine or leucine was shown to separate 
into two, one requiring cysteine, the other leucine. In one or two cases 
two separate strains were isolated by this method, but one had an alterna 
tive requirement— cysteine or methionine——while the other was single 
cysteine only. This mixture could have resulted by mutation to another 
allele of the original alternate, or the mixture may have been isolated in the 
first place. 

The results of these tests on the alternative stocks of Salmonella typhi 


2 


murium make it necessary for us to revise the list given in table 3, col. 4 


of our paper.' Our study has confirmed the alternative requirements of 
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only two strains listed, has revised the requirement of 4 and has eliminated 
11. The list of strains having single requirements remains unchanged, 
but the list of confirmed alternates is now as follows: cysteine or methio- 
nine, cysteine or serine, proline or glutamic, tyrosine or tryptophane, tyro- 
sine or phenylalanine, adenine or guanine. 

For each of these pairs there is a more or less well recognized biochemical 
relationship or possible interaction in synthesis. It is of interest that in 
addition to the amino acid pairs, a purine alternate, adenine or guanine, 
has now appeared, in addition to mutant strains for each of these purines 
singly. ‘There is thus no alternate in the Salmonella series which has not 
been suggested by studies with Neurospora or /. colt, a fact which suggests 
that the techniques reveal synthetic pathways common to all micro 
organisms and probably to all living cells. 

In spite of this, detailed studies in additional species of the successive 
steps in synthesis of any particular amino acid which the auxo 
trophic mutants reveal, and particularly the linkages shown by the alter 
native pairs, usually adds to the understanding of the over-all process. 
We have so far studied in Salmonella only the different strains requiring 
sulfur-containing compounds. These are all common mutants in Sal 
monella, but the cysteine auxotrophs are isolated much more frequently 
following radiation than are any others, differing from Neurospora in 
which a methionine auxotroph is the most common (Horowitz). The 
requirements of the different groups of mutants for sulfur-containing 
compounds are shown in table 1. 

The interrelationship between methionine and cysteine was established 
by the discovery of the thioether, cystathionine, by Brown and du Vigneaud 
in mammals, and the studies on Neurospora by Horowitz (1947,* 1950! 
showing that cysteine was converted into methionine since in a methionine 
requiring mutant cystathionine is accumulated in the cells. The present 
status of these studies ts carefully summarized and discussed by Emerson 
1950.2 Confirmation and amplification of the steps in the synthesis of cys 
teine and methionine have come from studies on auxotrophs of /. coli es 
pecially by Lampen, Roepke and Jones 1947,° Simonds 1948,’ Cowie, Bol 
ton and Sands 1950, and Davis 1950.2.) Lampen and his coworkers have 
shown that methionine must give rise to cysteine as well as the reverse. 

Conelusions to be drawn from the data on our Salmonella auxotrophs 
shown in table | are essentially similar to those of Lampen and his associ 
ates and of Emerson. We have summarized them briefly at the lowa State 
Heterosis Conference (Plough 1951'). Genetic blocks indicate a step-by 


step reduction of inorganic sulfate to sulfide, and then the combining of 
the SH radicle into the amino acid cysteine. The next step indicated ts 
the formation (by combination of cysteine with homoserine) of cystathio- 
nine. Next cystathionine breaks to give the 4 carbon homocysteine which 
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finally is methylated to form methionine. Since cysteine appears to be as 
essential as methionine for protein synthesis, there is clear evidence for 
the view that cysteine is formed from homocysteine or methionine merely 
in the fact that strains of group F grow normally on salts plus either homo 


cysteine or methionine alone. 

The table shows the results of inoculating washed cells into McLeod's 
medium containing essential salts and glucose plus the compound indicated. 
All tests were made in triplicate, and those giving negative results on amino 
acids were retested using 100 wg and 500 ug/ml. without any change in the 
readings. Sodium thiosulfate gave results identical with sodium sulfi le. 


FABLE 1 


REOUIREMENTS OF SALMONELLA AUXOTROPHS FOR SULFUR CONTAINING COMPOUNDS 


MINIMAL MEDIUM PLUS 20uG ML. OR THE KQUIVALENT OF 

GROUP 
AND 

KXAMPLE 


Wild control } r 
A-141 + + + 
B-170 } 

C-2031 

1D)-2131 

E-457 

F-2411 


L-CYSTA Dt OMY DIL-METHI 
THtlONINE CYSTINE ONINE 


+ 


The only distinctive features of the Salmonella mutant series are shown 
in the last column of table | in respect to the utilization of methionine 
All mutants on the minimal medium are unable to utilize sulfate as the sole 
source of S. Two groups can utilize sulfide and these can utilize also DL 
cysteine, L-cystathionine (kindly furnished to us by Dr. Cowie) and DL 
homocystine. However, group A can also utilize methionine, from which 
it must form cysteine also, while the other, group B, cannot. Similarly 
for groups C and ID which are unable to use inorganic sulfur, one can and 
the other cannot grow on methionine. Finally of the two groups of methi 
onine utilizers E and F, one can also utilize L-cystathionine and homo 
cystine, while the other utilizes only the latter. It is clear that each ol 
these groups must be thought of as a single gene mutation since there is 
no great difference in their frequency of occurrence. All are easily inter 
pretable in terms of the so-called one gene-one enzyme hypothesis except 
B and D which appear to have two blocks simultaneously. Emerson's 
useful chart (his Fig. 1) suggests ways in which a block before cystathionine 
or homocysteine might have a suppressor action on the formation of methi 
onine. In any case it is clear that the one enzyme explanation is over 
simplified. 

Finally a brief word may be added concerning the interesting series of 
observations of Cowie, Bolton and Sands on the utilization of labeled sulfur 
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(S*) by mutants of /:. colt. Their tests indicate that on a complete me- 
dium methionine and homocysteine requiring auxotrophs utilize inorganic 
sulfate, while cysteine requiring mutants do not. This suggests that in the 
formation of cysteine by methionine requiring mutants mentioned above 
inorganic S is combined (perhaps with threonine or homoserine, cf. Emer 
son) while in cysteine mutants methionine is formed directly. Our own 
less extensive experiments using labeled sulfur (S**) with Salmonella (made 
by Dr. Tepang Ting and the senior author) have shown only that in S 
deficient medium wild type strains utilize S*® in sulfate while cysteine re- 
quiring strains do not. This in general agrees with that of Cowie, Bolton 
and Sands. 

To summarize, a renewed and more extensive study has been made of 
the auxotrophic mutants of Salmonella typhimurium reported in our earlier 
paper as having alternative requirements. We now find that the total of 
17 such alternatives must be reduced to 6, all of which can be accepted as 
representing blocks in already demonstrated pathways of amino acid syn 
thesis. A number of others have turned out to be mixtures of two different 


auxotrophs. The auxotrophs requiring various sulfur compounds have 


been reviewed. These correspond with the series found in /. coli except 
that two groups of mutants, the one able to utilize sulfide and another 
unable to use sulfide, are also blocked in the utilization of methionine. 
This double effect of a single gene mutation is most easily interpreted in 
terms of a suppressor action. 


* This research was supported by a contract with the Atomic Energy Commission, 
Division of Biology and Medicine. AT (30-1)-930 
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ACCUMULATION OF ANTHRANILIC ACID BY A MUTANT OF 
VWAIZI* 


By H. J. Teas anp E. G. ANDERSON 


THE KERCKHOFF LABORATORIES OF BroLoGy, CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA 


Communicated by G. W. Beadle, August 31, 1951 


In studies on the induction of gene mutations by high energy radiation 
from the Bikint atom bomb, X-ray and other sources, a large number of 
seedling cultures have been grown for observation. Since January, 1949, 
maize secdling cultures have been observed by the use of filtered ultra 
violet light. Normal seedlings viewed by ultraviolet light have a dull 
reddish-purple appearance due to the red fluorescence of chlorophyll plus 
the reflection of a small amount of visible blue-violet light from the lamp. ! 
Several cultures, all originating from a single seed exposed at Bikini, 
showed segregation of a mutant type which exhibited an intense bluish 
white fluorescence. In daylight no difference could be seen between the 
blue-fluorescent and normal seedlings. The fluorescence varies somewhat 
from plant to plant, both in extent and in the time or rate of development. 
The fluorescence increases with the age of the plants until about the four 
leaf stage, then decreases and is seldom observed in plants over two feet 
in height. Usually the first leaf shows the most intense fluorescence. 
At the time of pollen shedding, anthers in the tassel fluoresce bluish-white, 
even more brilliantly than the seedlings. ‘This fluorescence is localized in 
the anther walls. The immature pollen also fluoresces slightly, mature 
pollen not at all. 

Chemistry. Acetone extracts of blue-fluorescent seedlings or anthers 
chromatographed on CaCO» columns showed two blue fluorescent bands 
running some distance behind the chlorophylls. Ascending paper strip 
chromatograms using Whatman No. | paper with water saturated butanol 
gave much clearer resolution of blue-fluorescent components, revealing 
three well-defined blue-fluorescent spots. Subsequent two-dimensional 
chromatograms have shown up to six additional blue-fluorescent spots, 
fainter than the first three. The major spots were arbitrarily called A, B, 
and C in order of inereasing R, values. The possibility that some or all of 
the blue-fluorescent spots are artifacts produced in extraction was tested 
by chromatograms of anthers and seedlings in which the fresh plant tissue 
was crushed directly on the paper The three major spots in this case ap 


peared in the same positions as when acetone extracts were used. 


A, B, and C as well as some available blue-fluorescent compounds were 
chromatographed in butanol-water, butanol-water with ammonia, and 
butanol-water with hydrochloric acid (BuOH—H.O, BuOH-—H.O-—NH,, 
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and BuOH-—-H,O-— HCl). The R, values so obtained are shown in Table 
1. Anthranilic acid gave values similar enough to suggest identity with 
spot C from the maize mutant. Since Lactobacillus arabinosus and Neuro- 
spora crassa mutant B1312 are able to utilize anthranilic acid as a trypto- 
phane substitute’ ’ fluorescent material eluted from each of the spots 
was tested with these organisms. All three spots supported growth of 
both organisms, although only C could be anthranilic acid on the basis of 


chromatographic behavior. 


TABLE 1 
Ry VALUES OF THE Major BLUE FLUORESCING SUBSTANCES IN THE 
MUTANT WITH OTHER BLUE FLUORESCENT SUBSTANCES 


COMPARISON OF 


Solvent 
BuOH--H2O BuOH—-H» 
NH BuOH-—H2O0 HCl 


Substance Ry Ry 
Ksculin 35 38 0.45 
1] 32 8S 
21 85 86 


Gentisic acid 
Anthranilic acid 
Mutant spot 
A 18 19 O06 
B 58 59 55 
Cc 21 4 85 


Concentrates of C eluted from chromatograms gave a positive test for 
primary diazotizable amine and an absorption spectrum very similar to 
that of anthranilic acid. A sample of blue-fluorescent tassels was used for 
isolation of C. One hundred grams of mutant tassels (predominantly 
anthers and glumes) ground to number 40 mesh was extracted three times 
with liter amounts of 25° acetone in water, and the combined filtrates 
concentrated im vacuo to 500 ml. The pH was adjusted to 3.5, the solution 
was then extracted three times with equal volumes of ether, the ether evap- 
orated and the residue sublimed and resublimed. The white crystalline 
material so obtained melted at 143° (reported 144°). When mixed with a 
sample of anthranilic acid the melting point was 142°. An aqueous solu- 
tion gave an absorption spectrum almost identical with that of anthranilic 
acid. The relationship of fluorescence to pH was similar to that of an 
thranilic acid (Fig. 1). Fraction C is thus shown to be anthranilic acid. 

Assay with Lactobacillus arabinosus using an anthranilic acid standard 
curve showed that a sample of normal tassels contained the equivalent of 
3.8 y anthranilic acid per gram, mutant tassels 3650 y per gram. Ratios 
of A, B, and C obtained from biological activity measurements of chromat 
ogram eluates (expressed as anthranilic acid) were respectively 50:45:5 
for a sample of mutant anthers and 16:64:20 tor mutant seedlings. Bio- 


assay of anthers of heterozygous fluorescent plants showed approximately 
half as much anthranilie acid activity as anthers of homozygous plants. 
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Discussion.-Fluorescence in ultraviolet light has been reported for a 
variety of plants and plant products.*»° In roots of 135 species of vascular 
plants representing 69 families Goodwin and Kavanagh? found that all but 
6 fluoresced in ultraviolet light, and acetone extracts of roots or rhizomes 
of five of the exceptions fluoresced. 

In some species of Lolium, roots grown in contact with filter paper may 
secrete something that fluoresces blue. Genetic investigation has shown 
that this fluorescence behaves as a simple dominant trait.6 The chemical 


nature of the fluorescent material was not identified. 


100 


Fluorescence 
o @ 
ro) ro) 


psy 
o 


~ 
o 


Relative 








FIGURE 1 


Relationship between ultraviolet fluorescence and pH for 
anthranilic acid (solid line) and blue-fluorescent substance C 
circles) Determinations made with Coleman photofluor 
ometer using PC-3 and PC-1 filters 


Anthranilic acid 1s known as a metabolite from a number of organisms. 


It is excreted by the cat given kynurenine and produced by slices of rat 
9 


and other animal liver incubated with kynurenine or tryptophane.’ 
It is accomulated in the medium by Corynebactertum diphtheriae,’ Bacillus 
subtilis,''s '* certain Neurospora mutants® '* and temporarily in the early 
growth of wild type Neurospora given large amounts of tryptophane.* 
Studies with Neurospora have provided substantial evidence for the exist 
ence of a cycle in which tryptophane is converted to kynurenine which 1s 
partially made into anthranilic acid that accumulates and 1s eventually re 
converted into tryptophane through indole.* The nature of the changed 
metabolism in blue-fluorescent plants responsible for the accumulation 
of anthranilic acid and related substances 1s not known, but the mutant 
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plant is able to grow without exogenous tryptophane. Thus it is clear 
that there is no such block in tryptophane synthesis as in Neurospora 
mutant 10575.'* The accumulated material calculated as anthranilic acid 
is equivalent to from 10 to 30 times the tryptophane content of the tissues. 
This excludes anthranilic acid production at the expense of the tryptophane 
level of the tissue. 

Genetics. Genetic tests have been made with fluorescent and non 
fluorescent seedlings from segregating cultures. All plants which were 
fluorescent in the seedling stage produced fluorescent anthers. When self 
pollinated, they gave progenies which were entirely blue fluorescent, al 
though there was much variation in the amount of fluorescence. Plants 

PARLE 
CLASSIFICATION OF PROGENY FROM CROSSES OF BLUE-FLUORESCENT MAIZE 


tYPE OF PROGENY SEEDLING ANTHER 
CROSS” NO 4 rt 


+ 


t 


Bf 
Bf 


Bf BE 
Bi BE 


Che order of listing of parental genotypes has no significance 
t ° 
are normal sibs from segregating families 
+ 
“ Seedling ratios were not obtained in progeny 1222 for plants on which tassels were 
cored, Subsequent tests showed 60 seedlings from the same ear were all non-fluores 


cent 


which developed from non-fluorescent seedling were of two types, those 
with fluorescent and those with non-fluorescent anthers. Selfed progenies 
from the plants with fluorescent anthers showed segregation of fluorescent 


seedlings. The plants with non-fluorescent anthers gave only normal 


(non-fluorescent) offspring. 
In segregating cultures, the proportion of fluorescent seedlings varied 
from one-fourth to about one-sixth. In some cases repeated observations 
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showed a few plants classified as normal in the early seedling stage became 
fluorescent in later seedling stages. With anther fluorescence, no difficul 
ties of classification were encountered if the anthers were well developed 
and producing abundant pollen. Some segregating cultures have shown 
a deficit of fluorescent tassels about equivalent to the deficit of fluorescent 
seedlings. Table 2 presents data on progeny tests of six types of crosses 
where observations were made on both seedlings and tassels of all plants. 
Only two exceptions were found, and these could be due to misclassifica- 
tion, stray pollination, or other sources. 

Thus it appears that blue fluorescence is conditioned by a single gene. 
When this gene is homozygous, both seedlings and anthers are fluorescent; 
when heterozygous, the seedlings appear normal, while the anthers show 
fluorescence. In genetic studies the gene can be handled as a recessive in 
the seedling stage, or as a dominant in mature plants by observation of 
anther fluorescence. The discrepancies in ratios observed in some cultures 


suggest gametic selection or selective pollen tube growth, such as is fre- 


quently encountered with the genes pr and bf; in chromosome 5 (Burnham'*) 


or the more clearly analyzed high and low sugary ratios studied by Mangels 
dorf and Jones’ and by Emerson. '* 

As in the above cases, some pedigrees give the expected ratios for single 
gene inheritance, while others give too low or too high trequencies of blue 
fluorescents. Tests are under way to analyze the deviations in transmis 
sion and to locate the gene for blue fluorescence 

Summary.—A mutant of maize is described in which seedling leaves and 
anthers of the mature plant fluoresce blue in ultraviolet light. Anthra 
nilic acid has been identified as one of the substances responsible for the 
blue fluorescence. The mutant, due to a single gene, is expressed as a re 


cessive character in the seedling and as a dominant in the anthers 


* This work was carried out with funds supplied by the Atomic Energy Commission 
administered through the Office of Naval Research, United States Navy, Contract N6 
onr-244 Task Order \ 
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PROPERTIES OF MUTANTS OF DROSOPHILA MELANOGASTER 
AND CHANGES DURING DEVELOPMENT AS REVEALED BY 
PAPER CHROMATOGRAPHY 


By Ernst Haporn* AND HERSCHEL K. MitrcHeLit 


THE KERCKHOFF LABORATORIES OF BIOLOGY, CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA 


Communicated by G. W. Beadle, July 9, 1951 


The principal aim of the present report is to present a series of data which 
demonstrate the applicability of simple chromatographic methods to the 
problems of investigating biochemical changes which occur during develop- 
ment of Drosophila melanogaster and studying biochemical differences be- 
tween mutants of this organism. Extensive analyses of the data and their 
significance in relation to the work of other investigators will be reserved, 
for the most part, for subsequent and more detailed presentations. 

Methods. Culture Conditions: ‘The basal medium utilized for growing 
the cultures of Drosophila has the following composition: molasses, 11.7 
ml.; corn meal, 7 g.; dried yeast (strain K, Anheuser-Busch), 1.4 g.; 
agar 0.65 g.; | propionic acid, 0.4 ml.; water, 100 ml. After cooking and 
bottling, the medium was sprayed with yeast, Wagner’s strain Y-2 (14). 
A few drops of a suspension of Fleischmann’s yeast were added to the 
above basal medium for cultures from which we analyzed larval and pupal 
stages. Other than the use of sterile bottles no attempt was made to keep 
sterile or bacteriologically pure cultures. All cultures were kept at 25 + 
0.05°C. 

It should be noted that our experiments have established that the sub- 
stances from the food contained in the gut either of larvae or of flies are not 
present in sufficient quantities to interfere with any of the determinations 
that are described in this report. 

Chromatographic Method: A modification of the general procedure de- 
vised by Williams and Kirby! has been used for most of the chromato 
graphic separations to be described in this report. Sheets of Whatman 
No. 1 filter paper (23 & 15 cm.) were prepared as follows: Light pencil 
lines were drawn 1.5 cm, and 14 em. from a longer edge of the paper. 


Samples for chromatography were then placed at l-cm. intervals along the 
lower line. The animals were boiled for | minute in distilled water in order 


to coagulate proteins and to improve the subsequent chromatographic 
resolution of chemical substances. The boiling was done directly with 
larvae and pupae, but flies were immersed briefy in 95°¢ alcohol before 
being boiled in water. Adhering liquid was removed quickly from the 
boiled animals by placing them on filter paper; they were then transferred 
immediately to the chromatograph sheets described above. Animals were 











Vou. 37, 1951 GENETICS: HADORN AND MITCHELI 651 


mashed firmly onto the paper with a glass rod and the spots produced al- 
lowed to dry in air at room temperature. A sheet of waxed paper placed 
beneath the filter paper sheet served to prevent loss of material during the 
mashing procedure. Residual tissues were not removed from the paper. 
Boiling in water has been applied only with whole organisms (e.g., eggs, 
larvae, pupae and flies), experiments having demonstrated that there is 
only a very small loss of body substances during the boiling procedure. On 
the other hand this treatment cannot be applied to dissected body regions, 
tissues or organs, since even a short period of boiling of a whole fly releases, 
for example, the red eye pigment (FI 1), which then diffuses throughout the 
head and into the thorax. Thus, all the data on the red pigment af differ 
ent mutants (table 5) were obtained by direct mashing of the heads on the 
paper. Internal organs (Fig. 3) were dissected in Ringer's solution and 
transferred with as little adhering liquid as possible. In this way chromato- 
grams were obtained from single Malpighian tubes (dry weight 13 y) or 


rABLE 1 
TECHNIQUE FOR QUANTITATIVE MEASUREMENTS OF FLUORESCENCE (SEE ALSO TABLE 2) 
SOLUTION STANDARD 
FLUOROM FILTERS” 
ANTHRA ETER POSITION 1 POSITION 2 
NILIC ADJUST INCIDENT FLUORESCENT 
CHROMATOGRAPHIC FRACTION ME MI MENT LIGHT LIGHT 


Fl 1-—-red pigment ; 10 PC-: PC-1 
Fl 3—deep blue fluorescent 5 100 PC-: PC-1 
Fl 4 + 5—1tmiddle light blue and yel 
low fluorescent 10.0 25 PC-3 PC-9-A 
*® Coleman filter numbers. The corresponding Corning numbers are: PC-3 = 9863; 
PC-1 = 3389-4308; PC-9-A = 3385 


larval testes from a single animal (table 3). Body fluids were obtained by 
puncturing the animals on the paper sheets used for chromatography 
(Fig. 4). After the samples had been allowed to dry on the paper, the 
sheets were formed into cylinders and stapled 2 or 4 em. from the top and 
bottom. It is essential that the two ends of the sheet do not overlap. The 
cylinders were then placed in 20 & 15-em. Pyrex jars containing a l-em. 
layer of a developing solvent. ‘The jars were prepared, with glass covers 


sealed with silicone grease, several hours ahead of time and allowed to 


equilibrate in a constant-temperature room at 25°C. Unless indicated 


otherwise, all our experiments were carried out with a developing solvent 
mixture made from 2 parts of n-propanol to | part of 1%) aqueous NHs3. 
Utilizing these conditions 1t was found that the solvent moved to the 14-cm. 
line in 2 hrs. and 20 minutes plus or minus a few minutes. The cylinders 
were then removed and allowed to dry in the air at room temperature. 
Fluorescence Measurements: Fluorescent materials on the paper chro- 
matograms were observed by use of a Keese ultra-violet lamp (principal 
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FIGURE 1 


Direct contact print of a developed chromatogram, showing the ninhydrin-posi 
tive material in different developmental stages (reduced to 92‘ 
hk eggs and embryonic stages. L24-L96 larvae; 
hours after egg laying. Pp prepupae. Py pupae with yellow-brownish eyes 
Pe end-pupae before hatching. / imagines 3 days after hatching. The number of 
individuals taken for one sample after given below the symbols of stages. 0 
sample. Pu pupine F = front of chromatogram 


» of normal size) 
the figure indicates the age in 


origin of 
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emission at a wave-length of 360 mu. Spots were circled with a pencil, cut 
out and placed in 10 & 100-mm. test tubes with 4 ml. of dilute NH,OH (1 
ml. cone. NH,OH diluted to 150 ml.). After extraction of the paper for | 
to 3 hrs. at 25°C., fluorescence measurements were made on the extracts 
with a Coleman Photofluorometer. Since none of the fluorescent sub 
stances is a cheinically identified compound, an arbitrary standard fluores- 
cent substance (anthranilic acid) was chosen to serve as a basis for com 
parisons. Dilutions were made in extraction solvent. Extracts of small 
pieces of filter paper cut from the blank region beside the samples were 


used to make zero adjustments of the fluorometer. Filter systems and 


fluorometer adjustments are shown in table 1. 


TABLE 2 


CHROMATOGRAPHIC DISTRIBUTION OF SUBSTANCES AND Ry VALUES; NUMBER OF 
INDEPENDENT DETERMINATIONS. SOLVEN1 2 PARTS OF PROPANOL PLUS 1 PART OF 
1% NH,OH 


VISIBLE FLUORESCENT HIGHEST 
SUBSTANCE COLOR COLOR CONCENTRATION 


Red Orange eyes of late 2 0.049 + 0.0009 
and of adult 
Lemon t all stage 3 0.121 + 0.0015 
gan 
Deep blue estes, M j aan y 7 t OOO 
tube 
Fl Light Llue Eyes, tes 53 373 + 0.0023 
Fl: Faint Yellow Eyes, testes, M . 37 + 0 0069 
yellow pighian tul es 
16 Blue Ovaries, eggs, m 571 + 0.0022 
bryos 
Fl 7 Yellow yes, testes hl6 
“Larvine” Hemolymph, brain of 2: 25 + 0.0019 
larvac 
*Pupine”’ Pupae ind idults 2 t 0. 0020 
(thorax 
UV absorbing Larvac t 0 OO5I 


material 


Changes During Development: In order to obtain comparable data for the 
different developmental stages, samples containing the same amount of 
material in units of fresh weight were used. Consequently the following 
numbers of individuals were mashed on single spots, as follows: 250 eggs 
(/:); 200 fresh-hatched larvae 24 hrs. after egg laying (L24); 40 larvae of 
the age 4S hrs. (LAS); 5 larvae of the age 72 hrs. (L72) and 2 larvae of the 
age 96 hrs. (L96). The last specimens had nearly completed their larval 
development and were ready to begin metamorphosis. Within the error 
of our determinations no significant difference could be expected if the dry 
weight had been taken as the base of the developmental series. All samples 
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FIGURE 2 


Relative amount of fluorescent substances in different developmental stages: 
eggs and embryonic stages. L24-L06 larval stages of 24, 48, 72 and 96 hrs. after ovi 
position, Pp prepupae & hrs. after puparium formation. Py = pupae with yellow 
brownish eyes. 1’ end pupae immediately before hatching.  / imagines 3 days 
after hatching. The figures below the stage-symbols indicate the number of individuals 
taken per sample 

Ordinate: Fluorometric values in units of anthranilic acid. (see table 1) 

(a) (Large graph.) accumulation of Fl 3. The fluorometric values of independent 
samples are indicated by the following symbols: X = both sexes together,O = females, 
. males 

(b) (Small graph.) Accumulation of Fl 4 + 5. The whole range of variation is 
shown. White females; black = males) The numbers of replicated determinations 
were: E, 10; L24,6; L48, 7; L72,8; L96,8; Pp,8; Py, 13; Pe, 11; 7,8. 
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of stages following L96 were made from two individuals. No corrections 
were made for the decline of fresh and dry weight during pupal life. The 
sexes were separated only for the older stages, from L96 on. The data 
gained from this material show clearly only the principal developmental 
changes. Less obvious and perhaps important changes might be found 
further and more specialized tests. 

A. Ninhydrin-Positive Material: Figure 1 shows a contact print from 
a paper sheet on which animals of all developmental stages were chromato- 
graphed side by side. In this print only the stronger spots can be seen. 
On the basis of these observations, which have been repeated many times, 
the following conclusions can be drawn: The eggs (and embryonic stages 
within the egg membrane) contain a rather large amount of ninhydrin- 
positive material. On the other hand the fresh hatched larvae (L24) have 
almost completely used up amino acids and peptides, and ninhydrin-posi 
tive material is found only on the front of the chromatogram. We have 
evidence that this ‘‘front-spot’’ contains peptides. Free amino acids and 
peptides appear again in roughly proportional increasing amounts during 
larval development L48, L72, L96), and a maximum is reached in larvae 
that are ready to pupate (4rd instar). 

As shown in figure | there is a decrease in intensity of the ‘‘front-spot’’ 
corresponding to the general increase in amino acids and peptides that are 
formed during larval life. With the beginning of metamorphosis there is 
a distinct decrease in ninhydrin-positive substances and a pattern is pro- 
duced that does not change conspicuously through pupal stages and into 
the adult stage. In addition to the change in the concentration of nin- 
hydrin-positive substance in the “‘front-spot’’ there are two other very 
marked changes during development. Larval stages are characterized 
by the fact that they contain a peptide with an R, value of 0.125. This 
material disappears at pupation and another peptide with an R, value of 


0.186 appears. For convenience these materials will be referred to as 


“Jarvine’ and “‘pupine”’ (see figure 5, table 2 and p. 663 for details). It 
should be emphasized that the above substances are the ones in which strik 
ing changes in concentrations are shown by use of this method of observa- 
tion. Other changes may be made equally conspicuous by applications of 
other techniques. 

B. Fluorescent Materials: Data on the fluorescent substances that 
have been observed in our experiments are summarized in table 2. With 
differences with regard to the appearance of fluorescent substances can be 
observed. The red eye pigment (FI 1) becomes visible, as expected, only 
in the second half of pupal life; it is still missing in pupae at the stage 


the exception of Fl 2, which is apparently present in all stages, distinct 


when the eyes become yellow and brownish. 
Fl 3 is absent in eggs, embryos and fresh hatched larvae. Figure 2 (a) 
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shows the relative concentrations of this substance for the later develop 
mental stages. ‘There is a steady but slow increase during larval develop 
ment and a very rapid accumulation after pupation. A striking sex dif- 
ference becomes apparent from the prepupal stage on. The males synthe 
size 4 to 5 times as much FI 3 as the females. The sexual differences, how 
ever, are already established in the L96 stage. No attempt was made to 
distinguish between the sexes in the earlier larval stages. The maximal 
concentration of Fl 3 is almost established in the middle of the pupal stage 
by the time the first yellowish eye color becomes visible. It 1s doubtful 
whether the later stages (Pe and I) differ significantly from this level. 

In figure 2 (b) we give the fluorometric values for the substances FI 
! + 5. These substances do not separate well enough in the propanol 
NH,OH solvent to permit separate determinations. Since Fl 4 + 5 do vary 
in different stages and different mutants in a more or less parallel way, the 


PABLE 3 


DISTRIBUTION OF FLUORESCENT SUBSTANCES (FL 2-7) AND OF NINHYDRIN-POSITIVE 


MATERIAL WITHIN THE Bopy OF THIRD INSTAR LARVAE 


very strong ++ = strong } weaker. (+) = traces. ? = doubt 


not detectable. Nh ninhydrin-positive material besides ‘“‘larvine”’ 


MAI 
VAT PIGHIAN SALIVARY 
HEMOLYMPH BODY s ] PUBES HRAINS GLAND 


Fl (+) } 


Kl 

FLS 

FL6 

FL7 
“Larvine”’ 
Nh 


» 
Fl 3 (+ f 
4 


ineasurements reported give a reasonably accurate description of the facts. 
It can be seen from figure 2 (>) that gradual accumulation similar to the one 
observed and measured for F135 holds true for Fl 4 + 5. These substances 
are not present in a recognizable amount in eggs, embryos and freshly 
hatched larvae. They become sletectable in growing larvae and, like FI 3, 
a high concentration is reached during pupal life, during which a distinct 
sex difference becomes established. In the pupal and imaginal stages males 
contain about 20°; more of these substances than females. If the values 
were reduced to the same dry or fresh weight, a distinctly higher sex differ- 
ence would become apparent since the average weight of a male is only 
about 75°, of that of a female. 

The relative concentrations of the two substances with the higher R, 
values Fl 6 and 7 have not been measured. Single spots did not yield 
enough material and thus significant differences between stages or mutants 
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could not be ascertained. We give only the results of visual inspections 
in UV light. FU6 is the only fluorescent material detectable in eggs and 
embryos. It disappears with the beginning of the larval stages, but be- 
comes apparent again at the end of the larval life. It is found in rather a 
high concentration in pupal stages of both sexes. In young adults FI 6 is 
shown clearly only in chromatograms made from females. The Fl 7 sub- 
stance is not found in eggs and younger larval stages. Only adults pro 
vided this substance in fairly high concentration, the females producing 
only faint traces whereas the males gave rather clear spots. 

C. Absorbing Substance: As indicated in table 2, one substance which 
absorbs UV light (253.7 mu) was observed in our chromatograms obtained 
from larvae. This is the only absorbing substance present in a sufficient 
concentration to show directly on the paper. The material has not been 
identified, but it is not uric acid, adenine or nucleie acid. 

Body Sections and Organs of Larvae: A. Ninhydrin-Positive Materials: 
Ihe color reactions for amino acids and peptides are very strong in the 
chromatograms of blood and possibly the gut, but the other organs give 
only weak spots (Fig. 3). Since the concentrations in the hemolymph are 
so high, it is difficult to be certain that some of the spots from the organs 
are not due to contamination with blood. The most significant fact here 
is that the peptide “‘larvine”™ 1s found only in the hemolymph. 

B. Fluorescent Materials: Observations on the distribution of fluores 
cent substances in larvae are summarized in table 4 

F] 2 is apparently present in all parts of the body, but is especially strong 
in the gut. The Fl 3 is found in high concentration in Malpighian tubes 
and fat body. It 1s astonishing that the small larval testes yield a very 


conspicuous fluorescent spot of this material. In this stage the testes do 
not yet have a colored sheath. The larval hemolymph, when carefully col 
lected without fat body cells, shows only a very weak spot of F138. Only 


traces of this substance were obtained from the gut. The material of Fl 4 
t+ 5 1s almost completely restricted to the Malpighian tubes and only 
traces of them are obtained from fat body and from the testes. The FI 6 
substance is likewise obtainable only from the Malpighian tubes. In this 
stage the FI 7 is not visible and seems to appear later on in the development 
of males. 

Body Sections and Organs of Adults: A. Ninhydrin-Positive Materials: 
By far the highest concentration of ninhydrin-positive material 1s found in 
the thorax of adult flies (Fig. 3 Th). This is perhaps concerned with the 
high content of muscle tissue in this body region. Fairly strong spots were 
also obtained from the heads while the Malpighian tubes, having little 
cellular material, give only traces of free amino acids and peptides 

B. Fluorescent Substances Table 4 shows the distribution of the 
different fluorescent materials throughout the body. The only substance 
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apparently present everywhere is Fl 2. It is, however, difficult to recog- 
nize it in those parts or organs where much of the bright blue substance 
(F143) appears, since the latter smears over the yellow spot in the unboiled 
preparations. All other substances are definitely restricted to one or more 
body section and organ. F1 1 is confined to the head. It is probably iden- 
tical with, or closely related to, the water-soluble bright-red eye pigment. 
F] 3 is strongly concentrated in those parts (eyes, testes, Malpighian tubes) 
where visible pigments are located, but a fair amount of it is found in the 
body fluid. A similar location within pigmented organs holds true for 
the substances which give two middle spots (Fl 4 and 5). Yet there is a 
distinct difference in that the eyes contain much more of the Fl 4-substance, 
whereas the Malpighian tubes are much stronger in the Fl 5 material. 
The testes contain both Fl 4 and 5 in high concentrations. F 16 is had only 
from ovaries and Malpighian tubes and FI 7 is obtained from the head and 
from testes. These observations account for the described differences be- 
tween the sexes. 

Mutants: The different mutants tested are listed on table 5. We 
selected only those genotypes that affect the color of eyes or bodies. The 
characteristics of these mutants are described in Bridges and Brehme.? 
All data in table 5 refer to flies of an age of 3 to 4 days after hatching from 
the puparium. At this stage full maturity is reached in both sexes and 
most of the mutants have fully developed pigmentation of eyes and testes 
We used only the first set of flies hatching from fresh bottles. | Over- 
crowding was avoided by putting 3 to 4 parent pairs in one bottle. Never- 
theless a certain amount of variability in the flies could not be avoided, and 


consequently the variation in the fluorometric values is partly due to size 


variation of the mashed flies. 

A. Ninhydrin-Positive Material: So far no significant difference has 
been found in the amino acid and peptide content of flies of different mu- 
tants. However, this statement can by no means be considered as final 
and more detailed studies are needed. Besides viable mutants, the lethal 
genotype /fr (lethal-translucida)* * has been investigated. Larvae of this 
mutant accumulate a tremendous amount of hemolymph. They become, 
therefore, translucent and bloated. Figure 4 shows the chromatograms 
of material from one single /fr-larvae (H1 and R1) as compared with normal 
larvae of the same developmental stage (H+ and R+). It can be seen 
that the lethals contain, per individual, many more amino acids and pep- 
tides than the normal control. ‘This fact is remarkable since Gloor* has 
shown that the hemolymph of /¢r-larvae contains less protein than in nor- 
mal larvae and furthermore, as far as the dry weight is concerned, the 
lethals are much smaller than the normals. Our chromatogram shows that 
the ninhydrin spots of the part of the larvae which remains, after the 
hemolymph has been released, are stronger in the normals (R+) than the 
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lethals (R1). Thus, the /¢r mutant indicates in its chromatographic proper- 
ties a disturbance in protein metabolism. 

B. Fluorescent Material: Table 5 gives the fluorometric values for 
all the mutants tested. According to the relative strength of the main 
fluorescent substances we can classify the mutants in 7 different groups: 

Group I. These mutants all have normal eye colors, containing both 
the red and the brown pigments. These two pigments are known to be 
present in wild tvpe eyes according to the previous work done on Droso 
phila eye pigment.® '* In spite of great differences in body colors, no 
significant differences in fluorescent patterns were found. The mutants 
B, 1, and 6 all show the same properties as the wild type. They are high 
in Fl 1 (red eye color). They exhibit a very great sex difference in FI 3, 
being very high in males and relatively high in females. Fl 4 + 5 are 
strong and, in all cases, higher in the males than in the females. 


rABLE 4 
DISTRIBUTION OF FLUORESCENT SUBSTANCES IN Bobpy SECTIONS AND ORGANS OF 3 
Day OLpD IMAGINES 
+++ = very strong ++ = strong + = weaker = traces. ? = doubtful 
not detectable 


HEMO MALP.GHIAN 
HEAD THORAX LYMPH OVARIES TUBES 


Fl 1 r+ 
Fi 2 
F113 
Fl 4 
FL5 
F116 
Fl 7 


Group II. Those mutants are listed here which interfere with the pro 
duction of the brown eye pigment. The eyes, therefore, show only the 
bright red color. Our measurements show a certain reduction in FI | and 
a more distinct one in F13. Fl 4 + 5, however, appear in the same inten- 
sity as in the wild type group I. 

Group III. Characteristic of these mutants is a strong reduction in FT 1 
and a less pronounced decrease in FI 3. With respect to Fl 4 + 5 the mu 
tants of this group behave differently; sf produces as much or even more 
of these substances than wild type, whereas car and pr are distinctly below 
the normal level. 

Group IV. The two mutants of this group exhibit a much reduced FI 1 
They have, however, roughly normal intensity in F143 and, finally, there is a 


tendency to surpass the standard group in Fl 4 + 5. With regard to these 


last substances a first approach to the kind of pattern found in the sepia 
group (VII) might be indicated. 
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FIGURE 3 FIGURE 4 


Direct contact print of a chromato Direct contact print of material 
graphic sheet (reduced to 95°; of normal from single larvae. H+ = hemo 
size) where isolated parts of 2 adult males lymph from wild-type individual 
have been mashed separately. Bl = hemo Hi hemolymph from the lethal 
lymph; // head; 7h thorax; 7 mutant ltr. R+ and RI = rest of 
teste V7 Malpighian tubes; Ra the animal after release of the 
rest of the abdomen (gut, et« hemolymph Reduction to 94°; 

of normal size 
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Group V. In all these mutants the red eye pigment is very much re- 
duced. Correspondingly the fluorometric values of Fl 1 are only a small 
fraction of the wild type values. In contrast to group IV, in which a simi 
lar reduction of Fl | was observed, in group V the Fl 3 and the Fl 4 + 5 
values also showed a distinctly lowered concentration. The two white 
alleles (w* and w‘) approach in this respect the properties of the white 
eyed group VI. Whereas most of the mutants (like the wild type) show 
higher values for Fl 4 + 5 in males than in females, there is a reverse situa 
tion in w* (and in sf and g’). It may be recalled that in w* the females 
show a deeper eye color than the males, whereas in w* the males have more 
intense eye pigment. 

Group VI. All three genotypes in this group interfere in the formation 
of most of the water-soluble fluorescent materials. No fluorescence sig 
nificantly different from the blank was found at the paper region where F1 
1, Fl 3, and Fl 4 + 5 should be located. However, a faint trace of Fl 3 
at least can be seen. The only fluorescent substances present in these mu 
tants are Fl 2 (p. 655) and FI 6 (p. 656). 

Group VII. The three mutants in this group show at hatching time a 
brown eye color, which turns darker in aging flies. In 3-day old se imagines 
the eyes have already reached a deep black-brownish stage. The fluoro 
metric properties characterize well the specificity of this group. The red 
eye pigment (FI 1) does not appear in se; itis distinetly reduced in sed and 
incl. It was not possible to gain reliable measurements for Fl 3 because 
the high concentration of Fl 4 + 5 affects the F138 region by a slight over 
lapping, but it seems certain that 1n all three mutants the production of Fl 
3is reduced. The most conspicuous fact, however, is the exaggeration in 
Fl4 + 5. Se, for instance, produced about 5 times as much of these sub 


stances as the wild type. Indeed, the Fl 5 material produced yellow spots 


clearly visible in ordinary light. The same region exhibits a brilliant yel- 
low fluorescence in the UV light. Mainx® has already observed the fluores- 
cence in se extracts. It must be noted that cl and se accumulate Fl 4 + 5 


in concentrations far above the standard level, although they do not reach 
the values of se. Whether or not this difference (se versus sed or cl) is 
connected with the fact that c/ and sed still produce a fair amount of FI | 
cannot yet be discussed. 

It was found that all the differences between wild type and se are due to 
the eye colors. Chromatograms made from the material of the thorax 
and abdomen do not differ. 

With respect to the two compounds with the highest R, values the fol 
lowing statements can be made: // 6 was found in nearly all chromato 
grains made from female material. It was shown (p. 656) that this sub 
stance is present in ovaries and eggs (table 4 It is characteristic that FI 


6 is the only fluorescent substance not recognizably reduced in the brown 





FABLE ,5 


FLUOROMETRIC VALUES PER 2° INDIVIDUALS (ADULTS 3 Days AFTER HATCHING). FI 
1: H&ADS FROM FEMALES. FL 35: WHoLtke ANIMALS; THE UPPER FIGURE REFERS 
rO THE FEMALES, THE LOWER TO THE MALES 

GROUP GENOTYPE HOURS ] FL 


J + wild type 55.8 2 : 12.5 + 
6 t 
y yellow + 
ne 
b black t 
/ “ebony” 
cn cinnabar 
cd cardinal 
vermillion 
st scarlet 
ltd lightoid 
car carnation 
pr purple 
ca clave’ 
pn® prune 
g? garnet 
p” pink-peach 
/t light 


w” white 


t 
t 
t 
} 
t 
+ 
= 
= 
+ 
+ 
+ 
+ 
t 
me 
- = 
= 
t 
" 
= 
t 
t 
t 
= 


apricot 
wt white 
Cosin 


bw brown 

cn bw cimna 
bar 

brown 

w white 

c/ clot 


sed st piaoid 


se septa 
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white group VI. There seems, however, to be concentration differences for 
Fl 6 in different mutants. For instance, group III exhibits weaker spots 
than group I. // 7 characterizes the normal male (mainly a testes sub 
stance, table 4). It 1s difficult to see it in females, though the female heads 
and Malpighian tubes contain it in very small quantities. It is overlapped 
in females by the stronger Fl 6 substance. The se group shows a strong 
exaggeration effect in producing the Fl 7 in both sexes (head material). 

There is some evidence that certain genotypes as, for instance cn, pro- 
duce another fluorescent substance, having a still higher R, value than FI 7. 
This question needs further investigation. 

Chemical Observations: None of the substances from Drosophila that 
are described chromatographically above has been isolated as a pure chem- 
ical compound. Nevertheless, in several instances, a high degree of purifi- 
cation of the substances has been obtained by chromatography on paper 
sheets and on the chromatopile.'* The two substances that have been 
referred to as “‘larvine’’ and “‘pupine’’ were purified with the use of basic 
and acidic developing solvents and found to be chromatographically pure. 
As shown in figure 5 both substances travel in the propanol-ammonia sol 
vent more slowly than six known amino acids but more rapidly than glu 
tathione. Thirty-four other known non-peptide compounds moved faster 
than glutamic acid under the conditions utilized for the experiments. The 
fractions ‘‘pupine’’ and “‘larvine’’ were therefore purified and subjected to 
a 12-hr. hydrolysis with 6N HCl at 110°C. Chromatography of similar 
total weights of unhydrolyzed and hydrolyzed materials yielded the results 
illustrated in figure 5. “‘Larvine’’ yielded at least six ninhydrin-positive 


components, five of which correspond closely to the positions of glutamic 


acid, glycine, alanine, valine and leucine. The sixth component could be 
tyrosine, a-amino-butyric acid, tryptophane or methionine, but in this 
case as well as in the others the chromatographic method can provide only 
a tentative identification. Chromatographic results with hydrolyzed and 
unhydrolyzed ‘“‘pupine’’ are also shown in figure 5. It is of particular in- 
terest that this preparation yielded at least four substances corresponding 
to four obtained from larvine but there remained, in addition, either a large 
unhydrolyzed fraction or an unknown ninhydrin-positive substance that 
moves similarly to the unhydrolyzed material on the chromatogram. 

Two other observations concerning the ninhydrin-positive substances 
should be mentioned. First, the material moving at the solvent from 
(figure 1, F) yields several amino acids on hydrolysis. Secondly, results 
of two-dimensional chromatography indicate that a high proportion of the 
ninhydrin-positive materials in Drosophila is composed of peptides rather 
than of uncombined amino acids 

With regard to the fluorescent substances, very little chemical informa- 
tion can be provided at the present time. Absorption spectra of Fl 4 and 
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Fl 5 appear to be similar in their general characteristics to the spectra of 
the red pigments (Fl 1). (Heymann, ef al.'*) This and the observation 
that Fl 1, 4, 4 and 5 are absent or nearly so in the white and brown mu 
tants of Drosophila would seem to indicate that the substances are all 
chemically and biochemically related. 


L96 La Lah Pu Puh AA 


FIGURE 5 


Direct contact print of patterns of ninhydrin-positive material (reduced to 72°, of 
normal size). L96 = chromatograms of 2 single larvae before puparium formation, show 
ing the larvine as spots with the lowest Ry value. La = larvine purified. La-h hydrolysis 
products of La. ?u = pupine purified from material of late pupae stages (see figure 1, 
Pu), Pwh hydrolysis products of Pu; AA = sample with 7 pure substances; Git = 
glutathione. Glu = glutamic acid; Gly = glycine; A/ = alanine; V = valine; /L = 
Iso-leucine; a e-aminocaprylic acid 
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Summary. A very simple and rapid procedure has been described for 
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chromatographic analyses of fluorescent and ninhydrin-positive substances 
in Drosophila melanogaster. Single animals provide, after chromatography, 
quantities of four of the fluorescent compounds sufficient to allow quantita 
tive photofluorometric measurements of relative concentration. The 
method, as applied to the animals at different stages in development, has 
revealed striking changes in the concentrations of fluorescent substances 
and in the concentrations of certain peptides. Several of the fluorescent 


compounds present in normal adult flies appear to be related genetically 


and biochemically to the red eye pigment. This conclusion is based on the 
fact that several of the fluorescent substances are either greatly reduced in 
concentration or are accumulated in mutants that drastically affect the 
formation of the red component of the eyes. Sex differences are described 
and the locations of the fluorescent compounds and ninhydrin-positive 
materials in various organs and body parts are given. The demonstrated 
accumulation of ninhydrin-positive substances in the larvae of the lethal 
mutant /fr, when correlated with the low protein concentration previously 
observed, suggests that this mutation affects protein metabolism. 
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YOUNG PRODUCED FROM OVARIES SUBJECTED TO ENDO- 
CRINE IMBALANCE* 


By C. C. LitrLe, KATHARINE P. HUMMEL, MARY Eppy AND BARBARA 
RUPPLE 


Roscor B. JACKSON MEMORIAL LABORATORY, BAR HARBOR, MAINE 
Read before the Academy, April 23, 1951 

This paper reports preliminary observations on mice born to females 
with transplanted ovaries that were altered morphologically prior to trans- 
plantation by a period of residence in spleens of castrated hosts. The 
morphological changes resulting from such intrasplenic grafting, as well as 
other phases of a study of the ovary of the mouse subjected to endocrine 
imbalance, will be reported elsewhere. 

The investigation was suggested by the works of Biskind and Biskind,! 
Li and Gardner’ and Furth and Sobel,* who induced tumors in intrasplenic 
ovarian grafts in rats at 11 months! and mice” * after 7-15 months. These 
tumors resembled closely those described by Brambell and Parkes‘ and 
Furth and Butterworth,® following inactivation of mouse ovaries in situ 
by x-rays. 

Tumors in intrasplenic ovarian grafts are usually attributed to a changed 
endocrine balance within the body of the host since the estrogens secreted 
by the grafted ovary are inactivated in the liver and do not reach the sys- 
temic circulation. The host, although bearing an ovary, is physiologically 
castrate with a pituitary released from estrogen inhibition. The graft, con- 


sequently, is subject to an increased and long continued stimulation by 


pituitary gonadotropins. Free circulation of gonadal hormones prevents 
tumors from appearing, as evidenced by the fact that they do not occur in 
unilaterally castrate hosts, nor in hosts where vascularized adhesions be- 
tween spleen and body wall allow the blood from the graft to by-pass the 
liver, nor where estrogens or androgens are administered. 

It has been suggested® that x-ray induced ovarian tumors are similarly 
mediated since they do not occur in a radiated ovary if the animal's second 
ovary remains unirradiated. 

Morphological alterations in x-radiated ovaries and intrasplenic grafts 
are similar in appearance and may be the result of the same basic hormonal 
upset. Young produced from mouse ovaries partially inactivated by 
Roentgen rays’ have given rise to lines probably carrying altered heredity. 
The study here reported was designed to determine whether offspring from 
ovaries altered by grafting into spleens of castrate hosts might also show 
somatic and/or genetic modifications. 

Materials and Methods.- Mice of the dilute brown strain (DBA,) were 
used as donors and hosts for the intrasplenic ovarian grafts. Gonadec 
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tomy and intrasplenic transfer of the gonad were performed during one 
operation while the mouse was under nembutal anesthesia. Donor and 
recipient, not always the same animal, were from 30 to 60 days old. 

The removal of the graft ovary from the spleen and its retransplantation 
into the ovarian capsule of a new host took place 14, 28, 30, 35, 42 or 60 
days after the intrasplenic grafting. The recipient females were F hy- 
brids between strains DBA and C;H and were approximately 6 weeks old 
when used. The donor animals (DBA) were killed and the grafted ovaries 
carefully dissected from the surrounding splenic tissue. Often, especially 
after 2 months in the spleen, the ovaries were so hypertrophied that only 
parts of them could be retransplanted. Where vascularized adhesions of 
spleen to body wall and uterine stimulation were noted, the ovary grafts 
were discarded. 

The recipient was anesthetized with nembutal and the left ovary exposed 
through a cut in the body wall. A small incision was made in the ovarian 
capsule, which was rolled back, allowing the hybrid ovary to be pinched off 
at the hilum. With this technique it is impossible to guarantee removal of 
all of the ovary, and small bits may remain functional. The intrasplenic 
DBA ovary was then inserted into the capsule in place of the hybrid ovary. 
This method of ovary transplantation is essentially that described by Rob 
ertson® and later used by Russell and Hurst®. Only one ovary was trans 
planted into each hybrid host, and the other host ovary was left in situ 
until 5 to 7 days later when it was extirpated together with the oviduct. 
This was done 1n order that the normal hormonal relations might be main- 
tained until the transplant had become established. 

Controls were DBA ovaries transplanted directly, without splenic inter 
lude, into the ovarian capsule of /; hybrid females of the same strains as 
the experimental animals. Experimental and control mice were placed 
with DBA males and observed carefully for vaginal plugs as the criterion 
for mating. Young were observed as soon after birth as possible and ex- 
amined carefully for any gross malformations or changes from normal. 
Those surviving to weaning were mated brother X sister, and their progeny 
for 3 succeeding brother-sister generations observed. 

Care was taken to avoid misidentification of animals derived from trans 


planted and host (residual or regenerated) ovaries. DBA mice are homo- 


zygous for three recessive coat-color genes, a (non-agouti), 6 (brown) and 
d (dilution), while the C;H are homozygous for the three dominant alleles, 
A (agouti), B (black) and D (intensity). Thus the /; hybrids are hetero 


zygous for these coat-color genes, and when mated with DBA males pro- 
duce eight color combinations, only one of which is non-agouti dilute brown 

Since all offspring of transplanted ovaries are non-agouti dilute brown, 
litters containing individuals of any other genotype than aabbdd (dilute 
brown) were regarded as deriving from residual or regenerated host tissues. 
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Litters were regarded as of questionable origin if the total number of young 
was too small a sample (1 or 2 individuals) to allow classification. 

Results. While most of the control ovary-transplant females have been 
in estrus and have mated, only 50% have had litters. The young were all 
dilute brown. The experimental ovary-transplant females in the 14- and 
28-days-in-spleen groups showed essentially the same results of breeding 
except that in each group some young were born from the host ovaries. 

As the length of sojourn in the spleen increased, there was considerable 


decrease, not only in the proportion of females having young, but also in 


the number of litters borne by individual females, and in the number of 
young per litter. Intrasplenic ovarian grafting apparently affects per- 
manently the ability of the ovary to produce viable ova, since removing 
the ovary to a normal endocrine environment does not restore this func- 
tion. 

The endocrine function of the ovary is not similarly affected, as there is 
little difference among the groups or between control and experimental as 
regards estrus and mating as evidenced by vaginal plugs. 

A summary of the results of breeding the hybrid females bearing trans- 
planted ovaries, both control and experimental, is given in tables | and 2. 


rABLE } 
BREEDING RECORDS OF HyBRID FEMALES WITH TRANSPLANTED PURE STRAIN OVARIES 


MATING LITTERS NO) LITTERS 
DAYS IN SPLEEN NO ‘ . . 3 


0 (Controls) r 1S 7) - § yA 5 
14 ; 1) BS 2 or 2! I6 
28 37 79 , ‘ : 11 
30 27 21 78 : , : 6 
35 m1 24 73 i) 
12 12 1 f 2 

3 


60 3! 34 87 


rABLI 
PROGENY FROM TRANSPLANT AND Host OVARIES 


MEAN 
LITTER SIZF 
FROM 
FROM GRAFT 
DAYS IN SPLEEN GRAFT TOTAI OVARIES 
0 (Controls 71 71 3.55 
14 109 2 2 152 $0: 
OX RR 3 112 3 
30 16 ) 29 2 
35 10 41 2.50 
42 7 f 12 2.33 


60 Ss 16 2 OO 


* These numbers include mice that died before color identification was possible, and 


mice that were dilute brown born to hybrid females having no more than 2 offspring 
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No animal, whether from transplant ovary, residual host ovary or of un 
identified origin, showed any malformations or gross deviations from nor 
mal. 

Close observation of four generations of progeny of mice from the graft 
ovaries has failed to reveal any evidence of altered heredity. Sufficient 
numbers derived from the 14- and 28-day groups have been observed to 
give valid data on breeding. To date numbers from other groups are too 
small to be of value. The progeny of grafted ovaries in the 14-days-in 
spleen group produced 136 litters, averaging 3.85 young per litter. In the 
second generation there were 209 litters, with a mean litter size of 3.78, and 
in the third, 136 litters, averaging 3.86 young per litter. The young from 
28-days-in-spleen ovaries had 77 litters, mean litter size 3.84, while the 
second and third generations were 75 litters, averaging 4.4 young per litter, 
and 71 litters, averaging 3.87 young per litter, respectively. 

There is marked uniformity in litter size within and between the 14- 
and 28-day groups. There is also no significant difference between the 
breeding records of these groups and that of 40 unoperated females of the 
DBA strain. These had 210 litters with a mean litter size of 4.00. It 
would seem, therefore, that no increase in genetic lethal factors has oc- 
curred. 

Conclusions... DBA ovaries subjected to hormonal imbalance by intra 
splenic grafting in castrate hosts for periods up to 60 days gradually lose 
their ability to produce viable ova, even though retransplanted to a normal 


endocrine environment. Such ovaries, on the other hand, secrete amounts 


of estrogen sufficient to bring about normal estrus, as evidenced by matings. 
Changes in the DBA ovaries due to disturbance of endocrine balance have 
not led to any detectable somatic and/or genetic modifications in the prog- 
eny in four succeeding generations. 


* Supported in part under a Grant-in-Aid from the American Cancer Society upon 
recommendation of the Committee on Growth of the National Research Council, and 
in part by a research grant from the National Cancer Institute of the National Institutes 
of Health, Public Health Service 
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IMPROVING THE READABILITY OF TYPEWRITTEN MANU- 
SCRIPTS 


By WALTER F. DEARBORN, PHILIP W. JOHNSTON, AND LEONARD CAR- 
MICHAEL 


Turts COLLEGE 
Communicated August 17, 1951 


Much attention has been given in recent years to improving the reading 
skills not only of school children and of high-schoo! and college students 
but also of the adult reader. Relatively little attention has been given in 
this time to improving the format of printed materials and especially of the 
typewritten manuscript. There have been studies of type faces, leading, 
color, character of ink and paper, and related topics,' but very little study 
of print as a means of communication in which special significance is given 
to the stresses of words to emphasize meaning. 

During the Second World War literally thousands of manuscripts, many 
of them of highest importance for the war effort, had to be read by military 
and other authorities. Any means which would result in increasing the 
speed and especially the accuracy of comprehension in the reading of manu 
scripts would unquestionably have been an aid to the war effort. In fact, 
the extreme pressures and demands of the war situation especially in rela 
tion to scientific research were the instigators of the investigation here re- 
ported. It deals specifically with the improvability of the typewritten 
manuscript but some of its findings apply equally well to the printed page. 

A dozen or more of different formats were tried out, the details of which 
will be described in a later article. For most of the changes introduced 
there was either good experimental or theoretical justification, sometimes 
both. They were, however, rejected if they did not prove acceptable to 
the majority of our subjects. Some formats, which initially went defin 
itely against the grain of our readers’ habit systems, may with further modi 
fications and experimentation be found useful. This article will describe 
only the format finally adopted and the experimental results from its use. 

The most novel feature of the final experimentation was the systematic 
introduction of an added stress dimension such as is at present more or less 


unsystematically indicated in print by italics. We were warranted in 


doing this from preliminary experiments which showed the close relation 
ship between oral stress and the comprehension of printed materials. 
Specifically we have demonstrated that the ability of a reader to under- 
stand a prose passage may be expressed in quantitative terms by his indi- 
cating which words he would stress were he to read the passage aloud.” 
Our first efforts to portray in print the continuous variations of the 
stresses of oral speech turned out, at least for the modes we were then em 
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ploying, to be too clumsy for general acceptance. On further experimen 
tation it was then established that, if ‘he one word in a sentence to which 
its author would give maximum or peak stress is indicated, the second and 
third order stresses usually assume a unique and, we believe, correct con 
figuration. In what we now designate as a ‘‘peak stress’’ format, more 
explicit indication of the author’s meaning is given by capitalizing (if 
italics were available on the ordinary typewriter they might be preferable) 
in each sentence that word to which the author would give maximum oral 
stress. 

Other changes incorporated into the format which are worthy of men 
tion are (1) a two-column arrangement which can be easily set up on a type- 
writer; (2) single-spaced lines which are attractive and easily read and 
which result, nonetheless, in an increase of approximately 20 per cent more 
words per page than is obtained in conventional, long-line, double-spaced 
format; (3) other ‘‘spatial’’ arrangements which break up the article for the 
reader into more comprehensible units of thought and; (4) the blackening of 
certain sections deemed by the writer to be of particular importance. This 
blackening 1s simply effected by retyping over the original copy. 

This peak stress format was first put to experimental test with 70 college 
students. These subjects, examined individually, were required to read 
a long article of moderate to severe difficulty in conventional format and 
in peak stress format. The design of the experiment was then somewhat 
altered for group experimentation. The experimental results may be sum 
marized as follows: 

1. For these individual subjects our peak stress format produced an in 
crease in comprehension of 16 per cent over material presented in conven 
tional typed format. The improvement of the peak stress format over the 
conventional format is significant at the five per cent confidence level. 

2. The format was definitely preferred—subjectively—by 95 per cent 
of these subjects. 

3. This basic experiment was subsequently repeated four times. In 
these four experiments, new sets of college subjects were first given two 
standardized tests of reading (the Nelson Denny and the California Ad 
vanced Reading Test) and were then “‘paired” on the basis of the averages 
of their scores in these two tests. One of each pair read the materials in 
the peak stress form and the other in the conventional format. Four 
groups of approximately twenty students each were thus examined. The 
percentage gains of the subjects who read the improved format were for 
Experiment I, 22 per cent; for Experiment II, 30 per cent; for Experi 
ment III, 10 per cent; and for Experiment IV, IS per cent. The average 
gain for the half of the total population which read the new format was 
19.5 per cent. 


A striking demonstration of the efficiency of this new format was recently 
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made in a class of 38 graduate students at Harvard. In this case 85 words 
were deleted from both the new and the standard formats (the same words 
from each). Copies of each format were then distributed alternately to 
the students who were simply asked to read the article and to fill in the 
missing words. This task obviously require the use of ‘context clues” 
which is one way of measuring the comprehensibility of the formats. The 
readers of the new format succeeded in filling in 21 per cent more of 
deleted words, only the exact words of the author being counted, than did 
the readers of the conventional format 

These results indicate that a typewritten page may be prepared which 
is not displeasing in appearance to most readers and which significantly in 
creases the comprehension of the material presented. Other experiments 
using the electrical recording of eye movements in reading the new format 
are under way. 

' Note: Carmichael and Dearborn, Reading and Visual Fatigue, Houghton-Mifflin 


Company, 1947 
? Dearborn, W. F., Johnston, P. W., and Carmichael, L., “Oral Stress and Meaning 
in Printed Material,’’ Science, 110, No. 2859, 404 (Oct. 14, 1949) 


ON THE INVARIANTS OF FINITE ABELIAN GROUPS* 
By Jesse DouGLas 
CoLUMBIA UNIVERSITY, NEW YorK CITY 
Communicated July 9, 1951 

1. The present paper offers an alternative proof of the classic theorem 
which characterizes any finite abelian group G, to within isomorphism, by 
certain prime-power factors of its order g: 

g "Bete. i eee Lee ee (1) 

The individual factors are termed the invariants of G. Our treatment also 
brings to light some simple new interpretations of these invariants. 

As is well known, if g = p%g”...9r’, where p,q, ..., rare distinct primes, 
the abelian group G can be expressed as direct product of subgroups //, K, 

., L of the respective orders p*, 7’, .,r’. This is to say that every 
element 4 of G is expressible uniquely in the form (additive notation ) 

6 6 PP xia Sf 8. > 


where the superscript indicates the subgroup to which the corresponding 


component of @ belongs. By means of this standard fact, the discussion of 


abelian groups of any order is easily reduced to the case of prime-power 


order. 
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Suppose any given basis! B of G to consist of the elements 4, 4, 
§,,, with respective periods 


where 


‘Then 
Y WiT2... 


Phe factorization (1) of g is supposedly derived from the last formula by 
omission of the factors with zero exponent. We may call formula (1) 
“the factorization of g relative to the basis B.”’ 

The theorem affirming the existence and justifying the name of “in 
variants’ is the following. 

THEOREM I. The factorizations of the order g of an abelian group G, rela 
tive to any two bases B, B’ of this group, are the same, apart from the order of 
the factors. 

Evidently, the same conclusion will hold if we suppose B, B’ to be any 
bases of isomorphic abelian groups G, G’ respectively. Thus, for two 
abelian groups to be isomorphic it is necessary that they have the same in 
variants. That this condition 1s also sufficient, 1.e., that the invariants of 
an abelian group G are completely characteristic of the group to within iso 
morphism, 1s seen from the following remarks 

The components of the individual elements of any given basis B 
(As, Os, ..., 6,,) of G, taken all together 


6", a,‘ ney we: hall a re) bo! 


’ ’ 


constitute after omission of zeros a basis for G, in which the periods of 
the elements are precisely the invariants of G (cf. the second paragraph of 
$2). Obviously, two abelian groups G, G’ are isomorphic if they have 


respective bases B, B’ that can be put into one-one correspondence so that 


corresponding elements have the same period. 
2. All numerical variables and functions occurring in the sequel will 
have non-negative integer values. 
If 
aS 
is the resolution of 6; into its components, it is easily seen that p",qg',..., 
r’' are the respective periods of these components. Similarly for 62, . . 
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6,,. Itis also readily seen that, after omission of zero elements, “", 6", fy ata 

6,’ constitute a basis for //, while 6,*,6.*,. oe form a basis for K,etc. 
Thus, the powers of p in (1) are the periods of the elements in a basis of //, 
the powers of ¢ are the periods of the elements in a basis of A, ete. 

Accordingly, the classic theorem above may be referred to the case of 
prime-power order as follows. 

THEOREM II. Given any basis B of an abelian group G of order p*, pa 
prime, let K(x) (20) denote the number of elements of B whose period 1s 
p(x > 0). Then K(x) is independent of the particular basis B. 

We shall establish this theorem by obtaining an interpretation of A(x) en- 
tirely in terms of the structure of the group G without mention of any 
particular basis. 

Tueorem IIL. Let p'*’ denote the number of elements 0 of G which obey 
the condition 


p‘o 0 eae SE (2) 


Then, relative to any basis B, K(x) is equal to the negative second difference of 
I(x): 


K(x) ~-H(x +1) + T(x — 1) — 21 (x)}. 


The representation p'”’ for the number of elements obeying (2) is justi- 


fied, since these elements evidently form a subgroup of the total group G of 
order p*. 

3. Proof of Theorem III. Let any basis B of G consist of elements 
6), 0, ..., Om with the respective periods p", p”,..., p’™. Then any ele- 
ment @of G has the unique form 


m 


6 = 0) + von +... + V8 
where 
Os y, < p" ga a as ae aa 
The element @ obeys (2) if and only if 
p*y 9, Q for 1 


i.¢c., if and only if 


divides p* y, for 4 = 7, 3... am: (4) 


p 

There are two cases: First, if a; S x, condition (4) 1s satisfied for all 
values of y,; obeying (3), thus giving p“ permissible values of y;. Second, 
ifa, > x, y, must be a multiple of p“* ~~ *: y; = Ap" ~*. Here X is subject 
to the condition 0 S \ < p*, and to this alone, in order that y,; may obey 
(3); hence in the second case, y; has p* permissible values. 
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We may subsume these two cases under the same notation by defining 


jvnifxsSa 
by (X) min (x, a) _ 
laifx >a 


Then the number of permissible values of y,; is p with the exponent ya,(x). 


Since the permissible values of ¥;, vo, ..., ¥m may be associated in any 
combination, we must multiply their respective numbers, and thus find that 
7 : 
exactly p’”’ values of 6 obey (2), where 


m 
I(x) be Ma, (X). 
i l 


We next observe that the first difference of u,(x) is 


iid x < 


Ay(X) Ma(X + 1) Mal X) s 
Oifx = 


In turn, the regressive first difference of \,,(x) is 
lif x 
6a(x) = A, (xX 1) Ay(x) ) se 
lOifx + 


We may now define 


1) — J(x) = 
W(x +1) + U(x 


and find, using (5), (6), (7), that 


(10) 


K(x) 5, (X) (11) 


From the last formula, together with (7), it is evident that A(x) is equal 
to the number of values of 7 such that a, x, 1.e., to the number of ele 
ments 6, of the basis B whose period p"' is equal to p*. 

By comparison of this meaning of A(x) with its expression in formula 
(9), the proof of Theorem III is completed. 

4. Graphical and Other Considerations.-We may construct a graph of 
the function y = /(x), x = 0, 1, 2,..., consisting of discrete lattice points. 
These points may be joined by line segments to aid the eye in following 
their arrangement; thus a rectilinear graph ef /(x) is obtained. 

That /(x) continually increases (in the wide sense) with x:/(x + 1) = 
I(x), is obvious from the fact that p’'*’ is the number of elements of G 
whose period <p". Indeed, if p* is the maximum period of the elements of 
G (a S a), [(x) will increase in the strict sense from 0 to @ as x increases 
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from 0 toa. This is because, if % is an element of maximum period p‘, 
the elements p%, pO, ..., p" ‘Oo, p"% = O have the respective periods 


a ] a 


»~P ,...,p, 1; accordingly, elements of every period p*,0 < k < 


p 
a, exist. Forx 2 a, /(x), of course, stays = a. 

Furthermore, the graph of I(x) ts always concave downward, since, by for- 
mula (11), A(x) is always 2 0, so that, by (9), J(x — 1) 2 J(x); 1e., the 
first difference J(x) of /(x), which represents the slope of the graph, always 
decreases (in the wide sense). This may be interpreted to mean that the 
ratio of the number of elements of G with period p* * ' to the number with 


x 


F : : J 3 ° “ 
period Sp", being p 1, continually decreases (wide sense). Con- 


’ 


cretely, if we imagine G to grow by the successive accretion of its elements 
of period 1, p, p’,..., p", the rate of relative growth (fractional increment) 
always decreases (wide sense). 

The graph of /(x) 1s completely descriptive of the structure of G, and 
may be used instead of the invariants to characterize this structure —we 
may callit the graph of the group. For example, elements of period p* occur 
in a basis of G (1.e., A(x) > Q) if and only if the graph has a corner at the 
point x. If x is a corner, the number of elements of period p* in any basis 
of G is equal to the difference of the slopes of the two segments meeting at 
the point «we may regard this as the ‘curvature’ of the graph at the 
point x. In summary, the graph of the group pictures our three functions 
as follows: /(x) ordinate, J(x) slope, A(x) = “curvature.” The 
invariants may be read off from the graph by writing p* A(x) times for those 
values of x where the graph has a corner. 

Further, if m is the number of elements in any basis,' we obviously have 


x a 


>. K(x) J(0) J(a) = J(0), (12) 

x 1 
since J(a) = (a + 1) — (a) = a — a = 0. Accordingly m is equal to the 
slope of the initial segment of the graph of the group. 

Again, m J(0) I(1) (0) /(1), which may be interpreted as 
follows: if the number of elements @ of G which obey pé = 0, being neces- 
sarily a power of p, is Pp”, then the exponent m is the number of elements in 
any basis of G. Or, since, except for the zero, the elements obeying pé@ = 0 
are precisely those of period p, we may say: the number of elements of pe- 
riod p in an abelian group G of order p* having of necessity the form p” — 
1, the exponent m is the number of elements in any basis of G. 

In conclusion, since the order p* of G is equal to the product of the pe- 
riods p” of the elements in any basis, we have 


m J a a m 


. Ss _ — : = 
» ay —_) — N04 (x } — x = 
1 1 1 
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or, by reference to (11), 
SY xK(x). 
7 ie 
x l 
* Cf. the author’s previous notes on the basis theorem for finite abelian groups, these 
PROCEEDINGS, 37, 359-362, 525-528, 611-614 (1951 
' We always suppose the basis without any elements equal to the identity (denoted 
I 1 
by 0) 


ON FINITE GROUPS WITH TWO INDEPENDENT GENERATORS. 
II. 
By JESSE DOUGLAS 
CoLuMBIA UNIVERSITY, NeW YorK CITy 
Communicated August 11, 1951] 


The present note is a direct continuation of Note I of the same title,' 
with which we must suppose the reader acquainted, and to which we shall 
therefore refer quite freely. 

8. Order of Cycles..-The following, generalizing Theorem VII, limits 
severely the nature of a special substitution. 

THEOREM XII. Let 6 be a special substitution on |m| and a, b any two 
numerals of this range. Then if (a, m) (b, m),® the order of the cycle con 
taining b divides the order of the cycle containing a. 

It follows that if (a, m) (b, m), then a and 6 belong to cycles of the 
same order. Thus all the numerals prime to m belong to cycles of the same 
(maximum) order, which order is divisible by that of every cycle. 

For illustrative material pertaining to this and subsequent theorems, we 


may use the following special substitutions, which are listed with their 


derivatives. 
m = 12: (O) (2) (4) (6) (8) (10) (1.3579 11) 
f= - (O) (15) (24) (3) 
m= 12: (QO) (2) (4) (6) (S) (10) (1.59) (3 7 11) 
r o = (Q) (12) 
m= Q: = (QO) (127548) (36) 
y = : = (0) (2) (4) (135) 
a = SZ: = (0) (16) (1 79 31 17 23 25 15) 
3 29 27519 13 11 21) 
(2 6 18 22) (10 30 26 14 
(4 12) (8 24) (20 28) 


(O) (2) (4) (6) (1357) 


{ 
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(QO) (9) (1S) (27) (1 5 13 29 25 47) 
(2 34 26 14 22) (4 20 16 8 28 32) 
(7 35 19 23 31 11) (3 15) (6 30) 


11 16 41 31 26) 
‘ 37) ( 1 44 19 29 34 14) 
20 25 5 40 35) (13 & 28 38 48 23) 


3.33) (6 21) (12 42) (15 30) (24 39) 
i) 


) 
6: 4, (Q) (2) (4) (1. (S6) 


It may be remarked that the first two (m = 12) are of type 3, the others 
of type 4 

Since all the groups listed above, being of the form 6, 6, are primary, it 
may be well to have an example of a non-primary group. Such a one (of 
order S8:S = 64) 1s defined by the self-conjugate substitution (of type 3) 


= ¢ (QO) (2) (4) (6) (1357). (S7) 


9. Self-translation. Translation Period. Parameter.—-Any 0-fixing sub- 
stitution 6 on the range m will be said to admit the translation 7°, in case 
76= 0. Wehave then 


6(x + ft) A(x) + A(t) (mod m). (91) 


This self-translation will be called effective if it does not reduce, trivial wise, 
to the identity: ¢# 0, mod m. 
We have the general formula (cf. II1/2, Note I, §3) 


Th =o (92) 


whereby, recalling that the period 7; of 4; is the same as the order of its 
principal or |-cycle, we deduce 

THEOREM XIII. 6 admits the translation T, if and only if t ts a multiple 
of ri, the period of the derivative 0, of 0: t = xr,.* 

Since, for m > 1, r; 1s an aliquot divisor of m: m = ru, Uo > 1, we see 
that the self-translations of 6 are effective for x = 1, 2,...,u% — 1. The 
fundamental /ranslation period r, will also be denoted by r. 

THEOREM XIV. rdivides 6(7). 

For we have 6(x + 7) 6(x) + 6(7r) (mod m), whence, by induction on 


O(xT) xO( 7) (mod m); (93) 


then, putting x = uM m/r, we get: 0(m) UoA( 7), 1.€., UA( 7) = O (mod 
m); therefore 9(7) = 0 (mod 7). 
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Consequently, the formula 
g A(r (mod uM (94) 


defines g as an integer, which is determined up to multiples of mu because 
6(7) is determined only mod m and therefore @(7)/7 only mod m/r = uo. 
We call g the parameter of 0. 
Let ¢, on the range n, with period s, denote any conjugate of 6. Since 


70 grO 0 


’ 


T, is a self-translation of 6; hence s/r is an integer. By replacing x by 


x(s/r) in (93), we obtain: 
A(xs) x(s/7)O(7) (mod m). 
By (94), 0(7) = gr (mod m); hence 


A(xs) gXS (mod m). 


6(s) gs (mod m). 
But s!m: m = su. Therefore, dividing by s, we get 
A(s)/s (mod uw). (97) 


From m = ru, m = su, we infer uM = u(s/r); thus uu. 

Notice that although the same integer g appears in the congruences 
(94), (97), these congruences are (in general) relative to different moduli, 
one a divisor of the other. That is, the residue class to which g belongs is 
enlarged in the passage from u to u as modulus. 

We shall call the integer g defined by (97) the 6-parameler of the group 
I defined by 6, ¢. Similarly, we have a ¢-parameter h defined, up to a 
multiple of v = n/r, by the formula 


h g(r)/r (mod wv). 
THEOREM XV. gand h have the following properties: 


g is prime to u, h is prime tov 

g’ 1 (mod u), h* | (mod v) 
g” = 1 (mod u), h” 1 (mod v) 
g e(1)-1 


h ay-1 


1 (mod u) fort Pe: 


| (mod v) fort Ll, 2 
Proof: From BA'B~! = A® (see (96)), we obtain by induction on y: 


BYA°B-* = Ar”, (99) 
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Writing y r, we have: B'A*B’ A**; but also B’A'B~’ = A°® (see 
formula (103) of the next section); hence g’s s (mod m , 2" | 
(mod wu) 

That g is prime to wis an immediate consequence. 

yg” = | (mod uw) follows because rn. 

The third congruence involving g results from transforming BA‘*! in 
two ways: 

(i) BA*t' = BA‘: A' = A”. BA‘ = A+" BY where y = ¢'(1). 

(ii) BA**! BA'-A A"”. BYA A”? +o" BY, the last transforma 
tion by (99) 


1 


Hence g’s gs (mod m); g” g (mod ms uw); finally, g’ | (mod 


10. Nucleus of V.. We have 


BA'B™ orn? (101) 


Hence BA‘B-' is a power of A if and only if is a multiple of the period s 
of g. Fort vs, we obtain by (95) 


BA™B-' Ar, (102) 
We introduce here the following nomenclature and notation. 


A-group: group generated by A, denoted by (A). 
B-group: group generated by B, denoted by (B). 
A-nucleus: group generated by A‘, denoted by V(A). 
B-nucleus: group generated by B’, denoted by N(B). 


The order of the A-nucleus 1s u; the index of the A-nucleusin (A) iss. The 
order of the B-nucleus is v; the index of the B-nucleus in (B) is r. 

By (102), we have B-N(A)-B™! N(A). Since, of course, we have 
also A-N(A):A7™! N(A), it follows that the A-nucleus 1s invariant in the 
entire group I generated by A and B. 

Let o denote any multiple of s. Writing o = ts, we have xo = xts; hence, 
by (102) with x replaced by xt, we get 


BAND" BA™“B-' = Av" = A”, 


It follows that the group (A’) generated by A® 1s invariant under the trans 
formation Y —~ BXB™': B-(A’).Bo! (A°). Since also A-(A’)-A~! 
(A°), we find that (A’) is an invariant subgroup of I. 

On the other hand, let C denote any subgroup of (A) which contains an 
element A‘ not belonging to V(A), so that fis not a multiple of s. By the 
statement associated with (101), it follows that BA‘B ~' is not a power of A. 
hence cannot belong to C; therefore Cis not invariant in TP. 

We may summarize as follows: 
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THEOREM XVI. The class of subgroups C of the A-group (A) which are 
invariant in the entire group V consists precisely of the A-nucleus N(A) and 


its subgroups. 
In this sense, .V(A) may be described as the unique maximal subgroup of 


(A) which is invariant in the entire group I’. 
Mutatis mutandis for the B-group (B) and B-nucleus V(B). 
It is evident that the generating elements A‘, B’ of N(A), N(B) are per 
mutable, for (by (24), Note I) 
rA’i- AY Be A‘B’. (103) 


Hence the set of elements .V(A)-N(B) N(B)-N(A) constitutes a group,‘ 
an invariant abelian subgroup of I’, of order uv, index rs. For this group 
we shall use the notation 
N = N(P) N(A)-N(B) = N(B)-N(A) }A™B™t (104) 
and call it the nucleus of T. 
The nucleus is of fundamental importance in an analysis of the group 
structure of I’ (see $14). 
11. Fixed Numerals.-What is the meaning of a fixed numeral / of 6? 
We have 
BYA! = A° Bt = A'B (111) 


where z ¢’(y). Thus A’ ts permutable with the B-group: A‘’-(B) 
(B)-A’, i.e., the left and right cosets of the B-group which contain A/ are 
the same. This is the group-theoretic meaning sought for; one notices 
that it is independent of the choice of the conjugate substitution ¢. 

The set of fixed numerals of 6 has the property that together with /,, fo 


it contains /; where f fy, + fe (mod m). For if 
A’'.(B) (B)-A”, A”. (B) (B)-A’ (112) 
then, by multiplication and regrouping of factors, 
A” .(B)A”-(B (B)-A’(B)-A”, 


whence, by use of (112), 


"(B) (B)A*” (114) 


This property of the fixed numerals of # implies readily that either (i) 0 


is the only fixed ntimeral, or (ii) the fixed numerals are of the form f fox 
(mod m) where fy is the least positive fixed numeral, necessarily a divisor of 
m, and x 1s an arbitrary integer 

A consequence is that if f is any fixed numeral, so is /’ fy (mod m) 


where y is an arbitrary integer. 
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These facts are illustrated by a look at any of the examples listed in 
$8. An example where 0 is the only fixed numeral is: 6(x) == 2x (mod 5), 
i.e.,@ = (0) (1243). 

2. Regular Subgroups. If 6, € are divisors of m, n respectively, the set 
S of elements of I represented by the formula A” B*” will be called regular. 
In terms of our checkerboard array, S consists of the intersection of a cer- 
tain number of equally spaced files, starting with the initial file x = 0 con- 
taining the B-group, with a certain number of equally spaced rows, starting 
with the initial row y = O containing the A-group. 

In case the set S forms a group, we term it a regular subgroup of T. It 
is the only type of subgroup consisting of the intersection of files with 
rows, since these must be equally spaced, and include the initial file and row 

for the intersection of S with the A-group and with the B-group must 
each be a group. 

HS 'A°*'B’! we have a subgroup consisting of the files of index 
6x(O0 S x < m/6); we shall call this a vertical subgroup. If S = |A7B*"|, 
we have a subgroup consisting of the rows of index ey (0 S y < n/e); we 
shall call this a horizontal subgroup. 

What are the conditions for a regular subgroup? 

THEOREM XVII. J/n order that S 1 4*"B”! constitute a (vertical) sub- 
group of V', it is necessary and sufficient that the substitution @ convert multi- 
ples of 6 into multiples of 6: 6 0(6x) forall x. 

In order that S [AB constitute a (horizontal) subgroup of V, it ts 
necessary and sufficient that the substitution ¢ convert multiples of € into 
multiples of «: €| g(ey) forall y. 

In order that S |A*B'"! constitute a regular subgroup of T, it is neces 


sary and sufficient that 6° convert multiples of 6 into multiples of 6 and that 
¢’ convert multiples of «into multiples of €: 6|6°(6x), €| (ey) forall x, y. 

Alternative form of statement: each cycle of 0° shall consist entirely of multt- 
ples or entirely of non-multiples of 6, and each cycle of ¢° entirely of multiples 
or entirely of non-multiples of «. Indeed, it is sufficient that the cycle of 6 
which contains 6 shall contain only multiples of 6, and similarly for g, with 
band ¢ interchanged; 1.e., for all t: 6.0(6), ee (e). 

Of course, the cases of vertical and horizontal subgroups are included in 
the general case by writing « = 1, 6 | respectively, but 1t seems worth 
while to give them special notice. 

If f, an aliquot divisor of m, is a fixed numeral of 6, then since all the 
S = 


numerals fx are fixed (see $11), it follows that the files of index fx, 
17 Bry 


{A”B"| form a vertical subgroup of [. Similarly, the set S = | 


where f’ is a fixed numeral of ¢ and /’ |, is a horizontal subgroup of I’. 


K:xample (a). In the group defined by (S87), each of the sets A” BY’, 
AB", A’B™”, A’B”, AY“ B™, A™B”, A” B™”, A” B” constitutes a regular 
subgroup. 
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Example (b). In the group defined by (S83), each of the sets A“ BY”, A7B™, 
AB", A“ B*” is a regular subgroup. But the set A’B*” is not a group, 
since in the cycle (135) of ¢ we have the numeral 3 together with its non- 
multiples | and 5. 

If we regard the subgroup S = |A™B*’| as generated by the elements 
A’ = A’®, B’ = BF‘, then its defining substitutions 6’, ¢’ are derived from 
those of as follows: In & retain only the cycles consisting of multiples of 
6 and in these divide each numeral by 6; in ¢’ retain only the cycles con- 
sisting of multiples of « and in these divide each numeral by e«. Formally: 


/ 


0’ (x) = O (bx) /6 (mod m6), g(x) g’ (ex) /e (mod n/e) 
(121) 
In case €« = 1, we have simply y’ = ¢’, incase 6 = 1,0’ = &. 

Example (a): The defining substitutions of the subgroup A” B* of (87) 
are 0’ = gy’ = (0) (1) (2) (3). We have an abelian subgroup of order 16 
with the invariants (2°, 2°). 

Example (b): For the subgroup A’B*” of (S83), we have 6’ (O) (174) 
(258) (3) (6), eo = (0) (1) (2). 

Example (c): For the subgroup A“ B” of the same group, we have @’ = 
(O) (12), ¢”’ = (O) (1) (2) (3) (4) (5). 

Example (d): In the group of formula (S85), the set S = 14° BY! forms 
a vertical subgroup for 6 2s i, 9, 12, 18, 36, in short for every 
divisor of m = 36. For the case 6 1, we have e.g., 0’ (O) (154278) (36), 
¢ = (0) (2) (4) (185). The set A*B” is another example of a vertical 


subgroup; here 6’ = the identity on the range m 12 and ¢’ = the iden 


tity on the range » = 3, so that we have an abelian subgroup of order 36 
with the invariants (2°, 3, 3). 

Abelian Subgroups.—The set |A™ B'"| is an abelian subgroup of [ when 
and only when A’ is permutable with B‘. According to the formula 


BtA® = A” Ber’ (122) 


((24), Note I), this happens when and only when 6 ts a fixed numeral of 
# and ¢a fixed numeral of ¢’. In particular, if the fixed numerals of 4 are 


' 


fox and those of ¢ are fy’y, then |A’’B"'"| is an abelian subgroup of I. 


The same is true if, instead of f, fy’, we have any fixed numerals f, f’ of 
6, ¢; we may suppose fm, f/f’ n 
Example: In the group (S85), the set A” B* is an abelian subgroup. 
Invariant Regular Subgroups. An important question is: when does a 
given regular set of elements of [ constitute an invariant subgroup of T°? 
THEOREM XVIII. Jn order that the set |A™B*' constitute an invariant 
subgroup of V, it is necessary and sufficient that 
(i) The set |A* BY”! shall form a vertical subgroup and the set {A7B*} 


a horizontal subgroup of V',1.e.,6 0(6x) and € g(ey) forall x, y. 
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(11) In each cycle of 6 all the numerals shall be congruent modulo 6, and 
in each cycle of g° all the numerals congruent modulo e. 

Of course, the second part of (1), (11) is superfluous when « = 1, and the 
first part when 6 = |. 

Equivalent to condition (1) is the following: 

(1') 66(4), eg'(e) for all t, i.e., the cycle of 6 that contains 6 shall contain 
only multiples of 6, and the cycle of ¢ that contains € shall contain only 
multiples of « (cf. Theorem XVII). 

Condition (ii) may be replaced by the following less stringent require- 
ment involving only the principal cycles: 

(11) In the principal cycle of 6 each numeral shall be = 1, mod 6, and in 
the principal cycle of g’ each numeral = 1, mod «. 

example (a): In the group (S87), the subgroup A*B? is invariant; the 
subgroup A“ BY is not invariant, e.g., A~' B A = A*B*. The subgroups 
A™“~B™, AB, AB are invariant. 

example (b): In the group (85), the subgroup AB” is invariant, but 
not the subgroup A” BY, 

Change of Base. If (1, m) 1, (7, n) 1, the group I’ may as well be 
generated by A’ Pe id B’ = B,as by A, B. The defining substi- 


tutions in terms of the new base are 


0’ (x) 1 "9 (1x) (mod m), yg’ (x) 
i G2, (mod n) (123) 


Heres ', 7 ‘are respectively the unique solutions of the congruences 
(mod m), be (mod n). (124) 


The transformations defined by (123) are from 1~'x to 77'0/(x) and from 
j ‘x toy 'g(x). Hence the appropriate algorithm for the determination 
of 6’, gy’ is: for 0’, multiply each numeral in the cycles of & by 7~'; and 
for ¢’, multiply each numeral in the cycles of g! by 7~!. 

Kxample: In the group (83) let us adopt the new base A’ = 
B-', Then! 5 (mod 9), 77! | (mod 6), so that 6’ = (0) (154278) 
(36) g’ = (0) (2) (4) (135). 

13. Linear Substitutions. If ais prime to m, it is evident that 


A(x) ax (mod m) (Est) 


defines a substitution on the range m; we shall refer,to this substitution as 
linear. In case a | (mod m), we have the identical substitution on the 
range m. Obviously 7° 6; thus every 0-fixing translation of 6 is a 


power of 6, the first power; consequently, by the criterion of Theorem II 


(Note I, $4), we have 
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THEOREM XIX. Al/ linear substitutions are specia 

The period of a linear substitution is evidently the exponent r to which a 
belongs modulo m: a’ | (mod m), r the minimum positive exponent 
for which this relation holds. 

We have 6’(x) ax (mod m), and 


mod m 


1.€., 1,0" a accordingly, by the definition associated with Theorem II] 
(Note I, $4), we have 

THEOREM XX. The derivative 6; of a linear substitution 6 of period r ts the 
identity on the range r. 

Of course, the derivative of the identical substitution @(x (mod m) 1s 
just the substitution (0). 

Conversely, 

THEOREM XXII. /f the derivative 6, of a special substitution 6 is the iden 
tity, then 61s linear. 

For we have, by hypothesis, 74 #’; therefore 70 6,A(x + 1) - 
A(x 8(1) (mod m); hence by summation from 4 Oto x Vv Rs 
Ay) ay (mod m) where a = @(1 

The only special substitutions of period 2 are the linear ones: 6(x) 
ax, a?” l,a # | (modm). This 1s because the derivative #; can only be 
(QO) (1), the identity on the range 2. 

Since the translation period rol @is equal to the period r, of its derivative 
4, and r; 1 if and only if 6, is the identity, we have the following alterna 
tive formulation to XX, XX] 

THEOREM XXII. /f a O-fixing substitution 6 has the translation period 

1, then 01s linear, and conversely 
We now easily infer 
THEOREM XXIII. The following are the special substitutions of types 


Oto? 


Type: the identity on the range 1, 1.e., (O 
Typel: theidentity on any rangem > 1 


Type 2: linear substitutions not reducing to the identity 


The substitution 4 (Q) (2 135) 1s of ty pe 5 since, as is easily cal 


culated, it has the derivative 6 (QO) (12), or A(a v (mod 4), which 


isof type 2. This example is the simplest of a type 4 substitution, 


The substitution 4 (O) (127548) (36) on the range m 9 is of type 4, 
its derivative being the substitution of the preceding paragraph 

For a reason that will appear in a subsequent note, type 5 will be called 
the exponential type. A general example of this type, including 6 


(O) (2) (4) (185) as special case, is the substitution on any even range m = 
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2m’ which leaves each even numeral fixed and interchanged the odd nu- 
merals in a cycle, namely 
6 (O) (2) (4)... (2m’ ; 35... 2M’ Ly. (131) 
We may represent 6 by the formula 
A(x) fe 1 + (132) 


Its derivative 1s 4;(x) x (mod m’). 
If the range of a special substitution @ 1s a prime p, then the translation 


period 7 of #18 an aliquot divisor of p (see the paragraph following Theorem 


XIII); hence 7 1; so, by Theorem XXII, we have 

THEOREM XXIV. The only special substitutions on a prime range p are 
the linear ones: @(x) ax (mod p), a | RR elo! Op 

We may also infer this result from the first inequality of Theorem IX 
(Note I, §7): P 1, therefore k <2 ; refer then to Theorem XXIII. 
Similarly, by the second inequality of Theorem IX, we have 

THEOREM XXV. The only special substitutions of prime period (1, of 
course, not considered a prime) are those of types 2 and 3. 

Conjugate Linear Substitutions. 


THEOREM XXVI The linear substitutions 


A(x) ax (mod m), g(x) Bx (mod n) (133) 


are conjugate if and only 1 


a | (mod m), : (mod n) (134) 


where 6 (av l,m), € (p 1, m). 

Which substitutions are conjugate to the identity on a given range n? 
Here 2 ir n, and we have just one condition, namely: a" = 1 (mod 
m). By formula (24) (Note I, §2), BA A’ Bet A“B, or BAB™ 


A“. The conditions 
A™ i Bb i BAB"! A. a” | (mod m) (135) 


(where m, n have their minimum positive values) define our group [com 
pletely; from them we can infer 
BYA A*™ B», 

which determines the multiplication table of the group (ef. (25), Note I) 

We shall call this type of group semiabelian: both defining substitu 
tions are linear and one of them is the identity. The characteristic prop 
erty is that the A-group or B-group is invariant in the entire group. The 
simplest examples are the dihedral groups 


A” by p L; BAD ae (136) 
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wherein 2, A(x) x (mod m), o(x y (mod 2), a’ 1)? 
(mod m). 
The name semiabelian (interpreted to include abelian in case «@ f. 


mod m) is appropriate, since if the A-group and B-group are both invariant, 
we have BAB~'A~! = BAB™'!-A~'! = power of A, and also BAB~'!A~! 
B-4p* A power of B; hence, by the independence of A and B, 
BAB“'A™! 1, BA = AB, so that the group is abelian 

Seminucle: \V, [1.-We see that the set of elements A’ B” meets the re 
quirements of a group, since s @(sx) for all x, as is clear by reference to (95). 


We call this group the vertical seminucleus of 1 and denote it by 1. With 
the base A’ = A’, B’ B, its defining substitutions are 6’(x) A(sx)/s 


x (mod u), ¢’ (x) (x v (mod an). Thus V 1s a semiabelian group: 
g ¥ $ 


A™=1, B”™=1,  B’A'B’ BA‘B™ 


where g meets the necessary condition g’ | (mod 1“). 
Similarly the set A7B” forms a group //, the horizontal seminucleus of T. 
With the base A’ = A, B’ = B’, its defining relations are 


A™=1, B" v A’'B'A’ = B — (138) 


where h” = | (mod v); thus // is likewise semiabelian. 

Groups of Order pq and p*... Here p, g are any two different primes, say 
p> q. It may be remarked that the classic theorems concerning these 
groups’ can be subsumed under our general theory, since, as is readily seen 
with the help of Sylow’s theorem, the group must be of the type I’, with two 
generators A, B of orders p, ¢ in the case where the group order is pg. By 
Theorem XXIV, the substitutions #,¢ must therefore be linear, and from 
the conjugacy condition $” | (mod qg), together with Fermat's theorem: 
i | (mod q), we deduce immediately that § | (mod qg). Hence at 
least one of the substitutions reduces to the identity, and the group 1s 
abelian or semiabelian. ‘To permit the latter type effectively g¢ must divide 
p 1, as we see from a look at the conjugacy conditions and Fermat's 
theorem (mod p 

For a group of order p’, after passing by the obvious cyclic case, we have 
two generators A, B, each of order p; and we see from the conjugacy con 
ditions: a? 1, p? 1, together with Fermat’s theorem: a?~! ij 
| ial | (all mod p), that both @and ¢ must reduce to the identity; there 
fore the group is always abelian. 

14. Resolution of the Group V.-The nucleus N of a group IT (see $10) 
may be indicated graphically by shading the files sx and the rows ry; their 
intersection is the nucleus. 

The shaded files and rows divide our rectangular checkerboard of mn 
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squares into subrectangles, each consisting of rs squares arranged in s files 
and r rows; the number of these subrectangles is uv (m = su,n = rv). 

Since the nucleus N is invariant in I’, the right and left cosets determined 
by any given element A’B’, 1.e., N-A’B” and A’B"- N, are the same. This 
coset consists of all those elements which occupy a geometrically homol 
ogous position to A’B” in the various subrectangles. 

The cosets of .V, by their multiplication, define the quotient group I’; of 
I with respect to. Ve TP) = PN. Py may be regarded as generated by 


A, AN, B, BN, (141) 


since any element A’BYN of the quotient group is equal to (A.V)? (BN)Y = 
A, By. 

We therefore have in I’; again a two-generator group, whose checkerboard 
array may be taken to be any one of the s by r subrectangles described 
above. Each square of the subrectangle represents the coset of N consist 
ing of the elements in the homologous squares of all the various subrec 
tangles. 

In fact, since A‘ and B’ belong to V, we have 


A;' N, By’ N (142) 


and s, yr are, furthermore, the minimum positive exponents for which these 
relations hold. Hence the orders of A,, By are s, r respectively, for N is 
the identity element of the quotient group. Also, A,, B; are independent, 
since A,’ By" | implies A7BYN = N; hence A’B’ belongs to N; there 
fore s'x,r y; so A’, BY belong separately to NV; consequently A;’ = A7N = 


N, By BUN N. 


What are the defining substitutions of the quotient group [')? We have 


BA; = BN-A*N = BA‘*N = A® BN = AB; (143) 
where 2 ¢g’(l). By the conjugacy of 6, ¢ we have, according to Theorem 
VI (Note I, $6): 6(x) gi(x) (mods). Since A,’ 1, this gives Ar 
A,*'”’: therefore 

B,Ay' é eo PR (144) 
Similarly 
BWA, 


where w = 6%(1). 

From these formulas we infer 

THEOREM XXVII. The defining substitutions of the quotient group TV, 
of V with respect to its nucleus N are ¢), ,, the derivatives of 0,¢ taken in reverse 


order. 
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Now I), as a two-generator group, has itself a nucleus .V,, which is an 
invariant abelian subgroup of T',;; hence we have a quotient group TP» 
I, N,;. The defining substitutions of T' are the derivatives of ¢), 0; taken 
in reverse order, 1.€., 9, ye. 

Continuing in this way, we construct the series of quotient groups, or 


derived groups: 


Digits cae 
with respective pairs of conjugate substitutions 


§4,, ¢, (/ even = 
le, 0, ( odd (144) 

The respective orders of these groups are min, myny, Moms, ete. (cf. $5, Note 
I). These continually diminish: m,+.2,+; < mn,, unless m l, n 

1, 1.e., unless I’, reduces to the identity. Since we cannot have an infinite 
descent of integers >1, we must come sooner or later to a group I’, of order 
mm, = 1. Obviously this happens for the first time when / is the maxi 
mum of the types k, k’ of 8, ¢. We have seen (Theorem X, Note I, $7) that 
k, k’ differat most by |. Ifk — k’ t 1, the group I’, ; is cychie, reducing 
to its A-group or B-group. If k k’, the group [',; is abelian, and not 
cyclic unless m,;, 1, are relatively prime in any event, I, ; does not 
reduce to its A-group or B-group —i.e., its checkerboard array does not re 
duce to a single file or row. 

We shall say that the group Tis of type / if 1, 1s the first of its derived 
groups to reduce to the identity. As remarked, / = max. (k, k’). In case 
(i) R = Rk’, we have / k k’, and in case (11) R’ k+lork k’ +1, 
we have respectively / = k’,/ =k. When / = k = k’ we may sometimes 
say that I is of upper type /, and when k os l 1, or vice versa, 
that I is of /ower type /. 

The formation of the series of derived groups [, and the determination 
of the corresponding substitutions 6,, ¢g, will be called the resolution of T. 

Example (a The group T° of formula (S7) is of order S-S 64; its 
nucleus .V consists of 1, A‘, B', A‘B*, which constitute a four-group. The 


quotient group T, IN, of order rs b-4 If, is defined by 4; 

¢1 (O) (2) (13), obtained by reducing @, ¢ modulo 4. The nucleus N, of 
I’, is the four group 1, Ay’, By’, Ai’B, Phe quotient group I, rs /N, 
is of order r,s; 2-2 1, and its defining substitutions, obtained by re 


ducing 4;, ¢; modulo 2, are 4 ¢2 (0) (1). Thus Ty 1s abelian; accord 
ingly, it is identical with its nucleus N2, and the quotient group Ty = T)/N» 
is the identity. Resolution of f: I’, Py, Ts, (3, with defining substitutions 


as stated. 
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Kixample (b): In the case of a primary group, defined by a substitution 
4 and its derivative @, the defining substitutions of the successive quotient 
groups are: 6, 6;; 02, 6,; 4,03; 64, 43; etc. 

Take for instance the group of formula (83): @ = (O) (127548) (36), 
6, = (QO) (2) (4) (135). We find by successive reduction to the appropriate 
moduli: 4 (QO) (12), 43 (O) (1), 0% (O). Hence we have the resolu- 
tion: I, Vs, M2, 13, 14, where (6, 6,), T'; = (Gc, 0), Te = (Ce, Os), Ts = 
(04, 93), "4 (4, 04) (since 65 6, = (O)). The group is of (lower) type 4, 
its defining substitutions being of types 4, 3 respectively. 

Other Quotient Groups of 1. —The quotient group I’, of I with respect to 
its A-nucleus N(A) has the generating elements A’ = A-N(A), B’ = B. 
The defining substitutions of Ty are (¢:, ¢). Similarly, the quotient group 
I’, of T with respect to the B-nucleus has the generating elements A’ = A, 
B’ = B-N(B), and the defining substitutions (4, 4;). 

The files of index sx divide the array of I’ into subrectangles, and each 
coset of N(A) consists of the elements which occupy geometrically homolo- 
gous squares in all the various subrectangles. Any one of these sub- 
rectangles may therefore be used to represent the checkerboard array of 
I',. Similarly for l,, where the subrectangles are bounded by the rows 
of index ry. 

I,, [y are primary groups; thus every two-generator group has primary 
quotient groups. ‘This is one of the senses in which primary groups are 
fundamental. 

15. Translation of a Product... We conclude this note with a statement 
and proof of the following useful relations: 


1 Oo TO:Tone, (151) 
PO sane TB * Tony" Tong as0 . . « Lein8™ (152) 

where w(f) "a i, Sere tL). 
7" T OB: Leg Le2nO... Lt 8. (153) 


In indicating the product of any number of substitutions, we read from 
left to right when the argument to which the substitutions are applied does 
not appear explicitly, e.g., (1) Ogw: 6 followed by ¢ followed by a, (ii) in 
formula (151), 7°60 followed by 74,,¢. On the other hand, if the argument 


t appears explicitly, as in 6'’’0"0'(t), we start with the substitution next to 
the argument and move toward the left: 0’’'0"0'(t) = 0’’’ |e" [a’(t) ||. 
We suppose all our substitutions to be on the same range m, and to be 


0-fixing. 
The proof of (151) is quite direct. 7°@ 1s the transformation from x to 
v’, where 


A(t) (mod m). (154) 
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74.) 1s the transformation from x’ to x”, where 


” , 


\ g(x’ + A(t g(t (mod m). 


Composition gives the transformation from x to x”: 


” Il 


= voix + 1t) v(t) mod m (156) 


i.e., 1 0 

Formula (152) follows from (151) by induction on y, and (153) from 
(152) by putting all the accented 6's equal to the same substitution @ 

' These PROCEEDINGS, 37, 604-610 (September, 195] 

2? Notation: (x, y) denotes the g.c.d. of x and y; the vertical line denotes ‘‘divides.” 

’ Throughout, all letters are restricted to integer values 

4 Cf. Weber, H., Lehrbuch der Algebra, 2, 17 (1899), 

> See Weber, Joc. cit., p. 152. 


REPRESENTATIONS OF SEMISIMPLE LIE GROUPS. 1V 
By HARISH-CHANDRA 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 
Communicated by Oscar Zariski, August &, 1951 

The present note is meant to be a continuation of the three earlier ones 
of this series which have appeared in these PROCEEDINGs.' In order to 
save space we shall adhere closely to the notation of R// and thus agree 
that all symbols shall have the same meaning as there unless they are ex 
plicitly defined anew.’ 

In RIT we have defined the notion of the infinitesimal equivalence of two 


quasi-simple irreducible representations of G on two Hilbert spaces. This 


definition may clearly be extended, without any change whatsoever, to the 
case when the two representation spaces are Banach spaces. Let mw be a 
representation of G on a Hilbert space . Let ), 92 be two closed in 
variant subspaces of such that ), > ». We regard the factor space 
,/»2 as a Hilbert space in the usual way and consider the representation 
nr’ of G induced on it under wr. Any representation 2’ obtained in this 
fashion will be said to be deducible from r. 

Let Z be the center of G. Put A* AK Za D. Then K* is compact. 
Let v —* v* be the natural mapping of A on A* and dv* the element of Haar 
measure on A* such that fx« dv* |. Let L.(A*) be the Hilbert space 
consisting of all measurable and square-integrable functions on A*. For 
any xeGandveA&A we have defined v,, //(x, v) aud I(x, v) in R/J. It is 


easily seen that for x fixed (v,)*, //(x, v) and I(x, v) depend only on v* 
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Hence we may write them as 7,*, //(x, v*) and ['(x, v*). Let w and v be 
two linear functions on @ and hy respectively. We define a representation 
nr, ,of Gon Lo(K*) as follows: 


4‘ 


Here x ¢ G, f ¢ L.(K*) and v* « A* and zm, ,(x)f(v*) denotes the value of 
r, (x)fato*. Let © denote the set of all irreducible representations of G 


ws 
each of which is deducible from some 7,,. It is easy to verify that every 
representation in & is quasi-simple. 

Let ¥ be the subalgebra of B generated by (1, ¥). Since there is a na 
tural |-! correspondence between finite-dimensional representations of 
K and ¥ (and therefore also of ¥), any T € 2 may also be regarded as an 
equivalence class of finite-dimensional irreducible representations of ¥ (or 
X¥). Our first theorem may now be stated as follows: 

THEOREM |. Let 9 be a maximal left ideal in B with the following two 
properties: 

(1) There exists a homomorphism x of 3 into C such thats — x(s) eM 
for all ze 83, 

(2) The natural representation of X on X/ MO X ts finite-dimensional and 
the equivalence class of at least one of its irreducible components lies in Qy. 

Then there exists a quasit-simple irreducible representation m of G ona TIil- 
bert space S and a well-behaved element y «¢ such that (by 0 (b € B) 
ifand only if be. Moreover xr may be chosen in &. 

CorRoOLLARY. Let wm be an irreducible quasi-simple representation of G 
on a Banach space S such that some D €Qp» occurs in wr. Then x ts infinitesi 
mally equivalent to some representation in &. 

Now let m be an irreducible quasi-simple representation of G on a Hilbert 
S. For any D €& let > denote the set of all elements in S which trans- 
form under 2(A) according to D. We know from Theorem 3 of RJ that 
dim ); < © forall De®. Moreover we may suppose without loss of gen- 
erality that the subspaces +> are mutually orthogonal for different D. Let 
I> denote the orthogonal projection of 8 on Hz (DY ¢€@). Let uw be a linear 


wil 


function on © such that (exp P) e*' (1) (LP € Gy) whenever exp T 


Da Z. Define a representation r* of A* on § as follows: 


Me 


’ I . , 
r*((u exp T')*) =e m(u exp I) (we K’', 1 


’ 


€ Qo). 


It is clear that for every D ¢€Q, Oy is invariant under w*(A*). Let D* de 
note the equivalence class of any irreducible component of the representa- 
tion of A* induced on > under r*. We choose an orthonormal base for 
each );. These bases all taken together form an orthonormal base for 
©. Let AV be the subgroup of A as defined in R// and let w be the set of all 
equivalence classes of finite-dimensional irreducible representations of M. 
For any 6 € w we denote by A, the highest weight of 6. 
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THEOREM 2. Suppose Sp # }0{ for some D € Qe. Then there exists 
aéewand a linear function A on b such that the following conditions are ful 
filled: 

(1) x, ts the infinitesimal character of r. 

(2) A coincides with X; on by. 

(3) ForanyD 2 


dim Op; < d(D)n(, 4) 


where d(2) is the degree of any representation o « D and n(D, 4) is the num 
ber of times 6 occurs tn the reduction of o(.M). 
(4) Let Dy, De be two elements in Q such that 


Hr ~ JOf i 1, 2. 
Then the matrix coefficients of Ey m(x)Es, (x eG) with respect to the above 
base are finite linear combinations with constant coefficients of functions of the 


form 
Sk £0,4(0x*) g0,4(0" 

where g>,and gy,» are some matrix coefficients of representations in D,* and 
D.* respectively. 

In case D,*, T.* both correspond to the trivial representation of A* the 
above result gives theorem 3 of R/T. 

THEOREM 3. Let mw be a quasi-simple irreducible representation of G on a 
Hilbert space . Put V = bY Hr. Suppose it is possible to define a new 


Q 


scalar product (ye, )' (ye, We V) in V such that 
¥ 


, 


(r(X Jy, y) ly, n(X )y if { Yeo). 


Let ' be the Hilbert space obtained by completing V with respect to the cor 
responding metric. Then there exists an irreducible unitary representation 
x’ of Gon §)’ such that 


n(X )y Lim } (exp LX )y (te R, limit in ’) 
t—0 
or all X eq and Pe V. Moreover mr’ is uniquely determined. 

In view of theorems 2 and 3 it is clear that the problem of constructing 
all irreducible unitary representations of G is now largely reduced to that 
of determining the irreducible representations of 8 which are “formally uni 
tary.’ In fact it seems likely that all the above theorems actually remain 
true if we replace 2 by & everywhere even though our proofs are then no 
longer applicable. In case G has a finite-dimensional representation which 
is faithful on A’ it is easily seen that 2 = Q, and so the above theorems then 
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hold in all generality. This is so in particular if G is a complex semisimple 
Lie group. 

' Proc. Nati. Acap. Sct., 37, 170-173, 362-365, 366-469 (1951), quoted hereafter as 
RI, Ril and RIII respectively. 

2 1 take this opportunity of acknowledging the tact that one or two minor errors have 
crept into the latter portion of RJJ/. Since they are of a rather computational nature 
and do not, in any way, affect the general line of argument, it seems best to wait until 
the publication of the full details of the proof. However, I should like to correct some 
misprints in R/JJ, On p. 363 in line 22 the last ? should be ? Also in lines 28 and 25 
P should be replaced by ?— everywhere, so that we now have 


M-h+ 0X,+ > CX. 
aeP ae P 


ON THE MODULAR REPRESENTATIONS OF THE SYMMETRIC 
GROUP 


By G. DE B. ROBINSON 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO 
Communicated by Oscar Zar’ski, July 2, 1951 
Brauer’s formula! 
e(z) =a d+e (1) 


gives the exponent of p in the degree z of an irreducible representation of a 


finite group G, where p* is the power of p dividing the order g of G, and p% 


is the order of the appropriate defect group of G:  € is unknown in the 
general case. 
For a representation [a] of degree za of the symmetric group S, this 


n 


formula becomes® * 7 


e(z,) = e(n!) — e((bp)!) + e(r.) (2) 


a 


where 1 a + bp and the p-core [ao] of [a] contains a nodes; 2,* is the 
degree of the representation [a],* of 5,*. The formula (2) leads to a proof 
of the theorem® ‘ that two irreducitle representations [a] and [|p| of S, belong 
to the same block if and only if they have the same p-core. An alternative 
proof has recently been given by Nakayama and Osima.° It is to be noted 
that the € appearing in (1) is known explicitly for the symmetric group 
also, that the number d depends in a simple manner upon the number / 
of p-hooks removable from [a]. Call 6 the weight of [a] and consequently 
also of the p-block containing [a]. 

As is well known [a],* is in general skew with at most p disjoint consti 
tuents.°-7 If all the p-hooks are removed from [a] except the one corre 
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sponding to the upper left-hand corner node of one of these p constituents 
then this hook has a uniquely determined leg length r (= 0, 1, ..., p — 1) 
which is thus associated with the constituent in question. We call r the 
class of that constituent. The following Theorem was stated without 
proof in reference 5 and obtained independently by the author: 

THEOREM. A diagram [a] of weight b exists and ts uniquely determined 
by assigning: 

(1) «its p-core lao], 

(it) its star diagram [a]p*, 

(111) the clasy of each disjoint constituent of \a|,*. 

It is to be noted that (2), (77) and (77) are independent of one another. 
An immediate corollary can be deduced: 

COROLLARY 1. The number p of ordinary irreducible representations in 
any p-block of weight b is determined by conditions (11) and (111) only, 1.e 
by the posstble star diagrams containing b nodes and the number of different 
ways the p distinct classes can be associated with the disjoint constituents. 

While this Corollary does not yield an explicit expression for p neverthe 
less it does reduce its determination to a combinatorial problem. A 
further paper on this subject is promised by Osima in reference 5 


An interesting consequence of the Corollary 1s that p is independent of 


[ao] and is the same for all p-blocks of weight b. This was conjectured by 
J. H. Chung in his Thesis (ef. reference 3, p. 321). 

2. In the general theory the splitting of the ordinary representations 
belonging to a particular p-block into their modular components is de- 
scribed by means of a matrix D (d,,) of decomposition numbers. — In 
Chung’s work® a set of identities is obtained which are satisfied by the 
rows of D; the number of independent identities is just equal to the dif- 
ference p -—- o where p is the number of rows of D and o 1s the number of 
columns of D, 1.e., ¢ is the number of modular irreducible representations 
belonging to the block. 

Now it can be easily seen that the number p — o of Chung’s independent 
identities is expressible in terms of the star diagrams, with their associated 
classes, of weights <6. It follows from corollary | that p o also is in 
dependent of [ao]. Thus we have 

CorROLLaRY 2. The number o of modular irreducible representations in 
any p-block of weight b is independent of the p-core. 

In general the D-matrices of two p-blocks of weight 4 will not be identical 
since the parities of the removable p-hooks, i.e., the coefficients in the iden 
tities, may vary with the p-core. No such variation does take place 
however, in the case b = 1| as follows from Nakayama’s work extended by 
Chung.’ 

It should be remarked that the definitions and arguments used in the for 
mulation and proof of the Theorem of $1 remain valid if p is composite. The 
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easily proved property of star diagrams, namely, that 
[| * * *| * ee * 
[[a]p le [la], lp lalng 


where p and g are primes, leads to interesting conclusions regarding the de 
termination of the indecomposables, i.e., the columns of the matrix D. 
Proofs and further details of the results contained herein will be pub 
lished elsewhere. 
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NOTE ON ASSOCIATION OF ATTRIBUTES 
By Epwin B. WILSON 
OFFICE OF NAVAL RESEARCH, BOSTON 
Communicated August 16, 1951 


1. Introduction. Many a time some physician has come to me saying 
that he had a number of cases of presence of two conditions A and B among 
the patients in his records and asking what that meant. The only reply 
had to be that to me as a statistician it meant nothing except the simple 
statement of that fact but that to him against the background of his whole 
clinical experience it might be very significant. Actually he had observed 
the association of two characters A and B in a specified number a of in- 
stances and that it had struck him as worth noting and investigating created 
a presumption that it was. Science often grows by such observations on 
the part of able and experienced observers, and many of the age-old truths 
of the human race are but the crystallizations from that matrix of experi 
ence of its observant individuals. 

Usually the physician was a specialist, say a cancer specialist, who had 
observed some other condition, say diabetes, in a number of his patients, 


and the question was put, not symmetrically as above, but asymmetrically 
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as: In my patients with condition A, I find a number a who have also con 
dition B. If the total number m of patients with A were known, one 
could start statistical procedures by computing the quotient a/m, and this 
rate could be used for comparison with the experience of others. 

The use of the word association above was colloquial; the professional 
statistician has come to require for the discussion of association between 
two characters or attributes that the behavior of the two, A and B, be 
known in respect to both their presence and their absence in each of a 
number of cases which taken together make up a ‘“‘population."’ Thus, of 
N cases, a may have A and B present, b may have A present but B absent, 
c may have B present and A absent, while d may have both A and B ab 
sent, V=a+b6+c¢+d. The data may be arranged (after G. U. Yule!) 
in a fourfold table of numbers or probabilities as 


B ; B B 
PRESENT N , PRESENT ABSENT TOTAL 


A present a b TW pa 

A absent ( 4 qa 
Total mB NB pe qB l 
Here 7, m7, Py, etc., are supposed to be probabilities of occurrence in some 
‘universe’ of both A and B, of A but not B, of A with or without B, ete.; 
but in any actual sample of a population V from the universe, the corre 
sponding observed rates are a/N, b/N, m,/N, ete., and if the numbers in 
the table are large, may be assumed to be approximations to the corre 
sponding probabilities. 

It often happens that the probabilities p, and py, are small; e.g., we 
might have a population of specified age-range and sex in which the prob 
ability of incidence of cancer was Pp, = 4/1000 and of diabetes was py 
5/1000. If in a survey of 100,000 persons we found the table 

2 398 100) 1 396 100) 
{G8 99 102 99 B00 146) OY 104 99 BOO (1) 
5OO 99 500 100,000 HOO 99 500 100,000 


respectively, we should say of the first that the attributes (diseases) were 
independent in the sense of the theory of probability since a 2 = NpaPu, 
but of the second that the attributes were (positively) associated since 
a = texceeds Vp, pu. 

It is obvious, however, that 4 exceeds 2 by so little that its observation 
could well be considered to be due to statistical fluctuation and could not 
be used as substantial evidence that the two conditions were associated 
in general. Had 1,000,000 persons been surveyed and the figure 40 been 
found in the place of the 20 indicated for independence, one would be rea- 


sonably safe in inferring that the evidence for association of the diseases 


was substantial. But it is not easy physically and it may not be feasible 
financially to survey 1,000,000 persons, and indeed there may not exist 
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any population of that size available for survey. Therefore we often have 
to proceed in a different fashion, namely, to record the number of cases a 
with condition B among a total of m, cases of A and to do the same for a 
“control” of n4 cases that do not have A. Logically, 1.e., abstracting from 
questions with respect to sampling (which will be discussed later), this pro- 
cedure is equivalent to multiplying the top row of the fourfold table by 
some number and the bottom row by another. Thus, in the second table 
of (1) let us multiply the top row by 11 and the second row by '/j, resulting 
in the new table: 


B 
ABSENT TOTAL 


A present 4356 4400 (2) 


A absent < 6194 6225 


It is clear that the number of B’s among the A’s is running substantially 
above the number among the non-A’s, particularly in view of the relative 
magnitudes of the totals. 

2. Vule’s Measure of Association. Yule desired to have as a measure of 


association a function of the entries a, b, c, d in the table which should be 


unchanged when the rows (and/or the columns) were multiplied by any 
numbers, and this meant that the measure must be some function of the 
quotient ad/bc. Presumably any function increasing steadily with ad/bc 


would do; Yule emphasized two, namely, 


ad — be ; Vad — V bc 

and , 

ad + be Vad + Vbe 
the first of which he called a coefficient of association and the second a 
coeflicient of colligation. I shall assume that any measures such as Q and 
Y which increase and decrease together are measures of the same quality, 
but upon different and perchance variable scales.?. It may be noted that 

the value of Q for the second table of (1) or for (2) is 0.337. 

3. Wicksell's Measure of Correlation.» An entirely different sort of 


association would be measured by the coefficient 
ad — be 
Via+ b) (a +c) (6+ d) (e +d) 


That this is the case can be seen by computing the values of V for the two 
different tables above which have the same value 0.337 for Q; the values 
of V are 0.00449 and 0.0295. Indeed as both Q (or Y) and V depend on 
three essential variables, viz., the ratios a:b:c:d or the probabilities 7, pa, 
Ps, and as one is not simply a function of the other, they could not possibly 
measure the same sort of quality. Moreover all sorts of anomalies will 
arise if one undertakes to compare the amounts of association in different 
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tables by using Q and |’. For example, in the two tables 
160 16 176 230) 138 368 
400 160 560 and 138 230 368 
560 176 736 368 368 736 


we find, respectively, Q = 0.600, 1° = 0.195 and Q = 0.471, V = 0.250; 
and hence by the measure Q or any of its correlatives like Y the first table 
is more highly associated than the second whereas by the measure |’ the 
second is more highly associated than the first. We clearly need different 
words to designate two so different measures and the concepts to which 
they correspond. ' 

4. A Still Different Measure and Concept.When I was discussing the 
tables just cited in correspondence with one of the leading statisticians of 
the world, I was a bit surprised to have him write: ‘If by association we 
mean joint occurrence, there are 320 joint presences and absences in the 
first case, 40°, and 460 in the second, 60%, and V indicates correctly that 
the ‘association’ 1s higher in the second than in the first.’ Reflections on 
this statement are the reason for this note. 

In the first place one must admit that anybody is free to give such def- 
initions as he pleases. In view, however, of the history of the use of the 
word “association,” various as may have been the senses in which it has 
been used, I would hesitate to use it as representing joint occurrence (and 
non-occurrence) or any index built upon that concept such as 

+d-—bd a 
M = N ) 9 ' 2(n + mm) — I, 
which ranges from —! to +1 as do Q and V; for I should agree with the 
position of Kendall and all other writers with whom I am familiar that 
one requisite for a measure of association is that it should vanish when 
and only when the attributes are independent; and this neither the index 
M nor any other based upon the concept of joint occurrence can do. 

If, however, we waive this point and consider the three functions Q, 
|’, 7 of the three essential variables 7, p4, Py and compute their Jacobian,® 
we find that they are in general functionally independent. Hence for any 
values of a, 6, c, d for which the Jacobian does not vanish, we have the in 
crements dQ, dV, dM as linear functions of the increments dr,dp,, dp, which 
may be solved for dx, dp,, dpy as linear functions of dQ,dV,dM. If, then, 
the numbers in a fourfold table are large enough so that we may use the 
language of continuous variables and if we stay away from values which 


make the Jacobian vanish, we may depart from the table a, 6, c, d to a 


nearby table in such a manner that Q, |’, A/ all increase or all decrease 
or any two increase (or decrease) while the third decreases (or 
increases). This sort of behavior would seem to indicate that 7 could not 
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well be used to discriminate between the contradictory indications of Q 
and V. 

5. Success in Prediction. There is always the possibility of setting up 
a fourfold table for any event which is observed to occur or not to occur 
and which is predicted to occur or not to occur, the two attributes being 
A actual oceurrence, or not, and B = predicted occurrence, or non- 
occurrence. In this case the temptation is great to use as a measure of 
success in prediction the total fraction (a + d)/N of correct predictions, or 
the index 1/7. This index has simple statistical properties, being distributed 
on a point binomial. Whenever it can properly be used, as may be the 
case when the chance of occurrence is about one-half, the simplicity of the 
index and of its statistical distribution would certainly recommend it as 
a matter of practical convenience. 

As a matter of strict logic, however, the fraction of correct predictions 
or the index VW has nothing to recommend it. This can be seen by noting 
that in all cases of rare events one can arrive at a high degree of success, as 
thus measured, by always predicting that the event will not occur, that is, 
by really not predicting at all in any honest sense. What we have in pre- 
diction is: (1) a measure a/(a + 6) of success in predicting occurrence, and 
(2) a measure d/(d + c) of success in predicting non-occurrence, and often 
occurrence and non-occurrence have such different significances for us 
that we should not attempt to combine the two measures into a single 
index. But if we decide that we want a single index we might consider 


a/(a + 6) + d/(d +c) — 1, 


which is — 1 when every prediction is wrong, is +1 when every one is right, 
is 0 when half the occurrences are predicted correctly (as they would pre- 
sumably be if each forecast were a mere matter of chance), and half the 
non-occurrences are also predicted correctly, and, finally, is 0 if the frac- 
tions of correctly predicted occurrences and of correctly predicted non- 
occurrences add to unity.’ 

6. Sampling Variances.--When true fourfold samples of N are drawn, 
the probability of observing a, b, c, dis 


i 


Nix ae as 14! atb+ct+d=QN, 


albicld! w+ m2 + 73 + 1m = |. 


ar (3) 


Mean values of the entries a, 6, c, d and their moments about ‘heir means 


may readily be obtained; in particular the mean of ais Nz and its variance 
is Nr(l r) and the mean product of a and 6 about their means is ~— Va. 
We cannot obtain the exact values of the variances of Q and I’, but Yule 
obtained approximations to them by the variational method, which yields 


adequate results when N is large enough.* 
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As any index 1s a homogeneous function /(a, 6, c, d) of degree zero, we 


have 


df’, 0 and var | 


for the variance of / by the variational method with sampling under (3), 
but we cannot expect to get this result if the sampling 1s under 
m!ptq? om! p"q"4 T 
Pp P'”q p’q y 4) 
ab! eld! 1 Tw; + 1,4 

which is appropriate to the alternative method of tabulation (2) suggested 
by Yule, in which samples are drawn from the two point-binomial universes 
of the A’s and the not-A’s and compared. Here 


var | > Pa f,’)2ab/m + (f,’ ‘ed /n 


The two expressions for var / are equal if / is a function of a7b and e¢-d, as 
inay easily be proved;’ but this is the condition that the rows may be multi 
plied by any numbers without changing the index /. And if the require 
ment of symmetry as between columns and rows is induced as by Yule we 
see that whether we speak of the index itself or of its variance under the ap 
propriate type of sampling, the condition that the value be unchanged is 
that f be a function of ad/be. 

7. Real Sampling. To have the practical convenience of having an 
index such as Y unchanged when rows or columns are multiplied by any 
numbers it is necessary to have the index take its extreme values for all 
cases in which 6 or c, or a or d, vanish. ‘This in itself is regarded as a seri 
ous inconvenience by all who feel that association should not be so defined 
or measured as to reach its extreme unless both 6 and ¢ or a and d vanish. 

In judging a compromise between conveniences and inconveniences in 


an ideal world one may limit oneself to logical and esthetic considerations: 


but in passing such judgments relative to the practical world one must take 
into account the sort of thing that does happen, and particularly if it hap 
pens frequently To make the discussion concrete I will go back to my 
earlier illustration. 

Suppose, then, that in some large hospital there are two physicians, one 
particularly interested in studying diabetes, the other in studying cancer; 
and let them raise the question of the association between the diseases. 
Further let it be agreed that what interests them is the association in the 
population at large, and not the association in the dead or the dying or 
even the ill, which would be different. Now it would probably be quite 
beyond their resources to sample a large enough general population to get 
a result, so that a direct attack would be impractical and the result of such 
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an attack must remain unknown. But it might not be impracticable for 
the diabetes specialist to tabulate his cases for cancer or not and to secure 
a control of non-diabetics to tabulate for comparison; and similarly the 
cancer specialist might tabulate his cases for diabetes or not and secure 
and tabulate likewise a control of cases without cancer. 

If such a series of observations were made and if the theory of the index 
Q were justified in this investigation, the two procedures would result in 
the same value of Q which would be that which would have been found had 
it been practicable to sample a general population. Unhappily nothing in 
my experience leads me to predict that the two values of Q found by the 
two sampling methods would be the same or like the value that would 
have been found had the true fourfold sampling been carried out. I can- 
not consider the theoretical invariance of Q, and of its variance, under row 
or column multiplication as much of a practical asset." 

8. Significance.--There is general agreement that in all cases in which 
the numbers are all large enough the usual form 


N(ad — bc)? 
(a + b) (a + c) (6+ d) (ec + d) 


will serve as a test of significance of the departure of a fourfold table from 
non-association, no matter whether the table is obtained by sampling under 
(3) or under (4). This would not be true “if by association we mean joint 
occurrence.’ Moreover if the question were whether two fourfold tables 
could reasonably have originated by sampling from the same universe an 
obvious application of the Chi-square principle should be satisfactory. 

But the real reason for having a measure of association is to compare the 
degree of association in two different tables. What has been said above 
shows that one must first choose what measure he will use, for the measures 
Q and V' may give contrary indications. I know of no apriori or apos- 
teriori arguments which in a practical sense definitely tip the balance in 
favor of the one or the other. It 1s clear that Q and its standard devi- 
ation can be computed more simply than can V and its deviation. And 
simplest of the Q family’ is Z, the difference of two Z's being 


Z\ Le t V 1/a, 4 1/b, 4+ l/c, + 1/d, + 1 /de + 1/by + 1/eo + 1/dy. 


Perhaps, however, until such time as there is agreement on what for a 
stated purpose the appropriate definition and measure of association 
should be, it might be preferable to refrain from using these terms except 


in a provisional way. 

' The basic references are: Yule, G. U., Phil. Trans. Roy. Soc. London, A194, 257 
(1900); Biometrika, 2, 121 (1903); J. Roy. Statist. Soc., 75, 579 (1912); but the matter 
is treated in chapter 3 of his Introduction to the Theory of Statistics and in Kendall, M. 
G., Advanced Theory of Statistics, Vol. 1, Chap. 13, and in various other books 
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? From some points of view, Z = log (ad/bc), ranging from minus to plus infinity, is 
the simplest measure. There are others which can be used under some circumstances, 
such as Pearson's tetrachoric correlation coefficient, rules and graphs for facilitating the 
calculation of which have been prepared by L. L. Thurstone, Psychological Laboratory, 
University of Chicago 

3] venture to call this Wicksell’s, even though another may have priority, because it 
seems to me that his paper ‘On the Correlation of Acting Probabilities,’ Skandin 
Aktuariatidskrift, Uppsala, 1, 98-133 (1918), with references to his earlier work, de 
serves rather special recognition. It should be remarked that S. D. Wicksell belonged 
in the Lexis-Charlier succession and was dealing in this paper with Lexian ratios which 
are sO prominent a phenomenon in vital statistics. And it may be further remarked 
that this quantity V may be regarded as the product-moment correlation coeflicient ob- 
tained from the weights a, 6, c, d placed at the points (1, 1), ( 1, 1), (-—1, -—1), (1, 


-1); and thus partial correlation coefficients can be had at least formally when the 


fourfold tables for three or more attributes are given 

‘If we take a = x‘, b = « x, d 1, with x large, we see that 0 may be close to | 
when V is close to 0 

5 Kendall, Joc. cit., p. 310, item 13.5(a 

6 The Jacobian vanishes when V does and when pa pa or pa = QB 

’ Apriorists, who are not interested in what the world does but in what it ought to 
do, might read the table the other way and construct an index J b/(a + b 
d) — 1 of the world’s perversity 

5 See Kendall, Joc. cit., pp. 312.313, formulas (13.20) and (13.22), of which the second 


should read ‘‘+”’ instead of “—’’ between the fractions in the second line rhe mean 


product or covariance of Q and V may be likewise found a 


2( papaqaqs 


covar (Q, V 
Naw, + mor 


(q, b4 (gp x | 
(Vv + psy 94 — Paks — pe v2/ :) Laas 
V papsqaqe Paqa pays 


from which with the variances the correlation coefficient (as determined by the method 
of variation) may be had Phis correlation coefficient will be the same for any member 
of the Q family and V (and for any member of the V family if we had one); it is usually 
near 1 but there are fourfold universes for which it may be small, e.g., if w = # 4 
0.333 and wm = O.OO1, r 0.26 

N. B. I have given covar (Q, V) in powers of V in deference to the form mn which 
Kendall cites Yule’s expression for var V. For myself, I have often found more 
convenient the expressions 

\ 
var | p? abcd N?* 
2abcd 


(ad 


covar (Q, | 


where ?’ (a + ba + ch b+d\ye+d 


9 If we subtract the two values of var f given for fourfold sampling (3) and for double 


point-binomial sampling (4) by rows, we have 


which proves the statement and incidentally that the fourfold sampling has the greater 
(variational) variance, except when they are equal, and it may be considerably larget 


proportionally as may be seen of V in the case of the example cited in footnote 8 
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"The real and ideal worlds are different; the latter are determined by postulates, 
the former by facts. The postulates for the ideal worlds may have been suggested by 
observations of real phenomena and may in turn be applicable to them, always with 
certain tolerances or errors. And so with real and ideal sampling. There has been 
much discussion of the apriori and aposteriori approaches to probability, of which one 
of the most interesting is the suggestion of M. G. Kendall in a recent volume of Biomet 
rika that they are not wholly different and that each involves some of the other. My 
own opinion makes no pretense to cleverness or philosophical profundity. It is merely 
the facile pragmatism of the scientist which leads me to the belief that it is best to recog 
nize that there are two kinds of chance (for which I wish we had two commonly accepted 
different words): one defined as in purely mathematical theory of probability, the other 
defined to cover all our ignorance; the former can be precisely quantitative, the latter 
only very roughly so. In the face of actual data one has to feel his way and if he is to 
apply any theory of probability with any confidence (other than that born of reckless 
ness) in its not misleading him with false precision due to its inapplicability to the data 
in hand he must first prove that it is indeed applicable within the tolerances which he 


willaccept. A per capita rate ry in vital statistics cannot be assumed to have a sampling 


error V r(1 r)/n, as Lexis so well showed, which means that in actual sampling the 


point-binomial is not always followed 


TENSORFIELDS AND RICCI CURVATURE IN HERMITIAN 
METRIC 
By S. BOCHNER 
MATHEMATICS DEPARTMENT, PRINCETON UNIVERSITY 
Communicated August 15, 1951 

Previously! we have proved as follows. 

THeorRem |. /f on a compact Kaehler manifold the Ricci curvature 1s 
positive, —R 4x > O, then there exists no holomorphic tensorfield of covariant 
type Ca a, and for negative curvature there exists none of contravariant 


{3 
ly pe ¢ 
This theorem is unique among similar ones in that conclusions affecting 


By 


tensors of arbitrarily many indices are obtained from restrictions on the 
Ricci tensor alone, and not on the curvature tensor in its entirety. In the 
present note we will extend this to tensors of mixed type 


oa By 
§ (1) 


a ay 


as well, and also from Kaehler metric to hermitian metric in general. The 
previous proof to Theorem 1| will readily give the following proposition. 
THeoreM 2. Fora holomorphic tensor (1) on a compact Kaehler manifold 


the expression 


“p al By Fi O “M By Bb. wa 
> a ay f | 5 R\ 43 


hws! ap 
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cannot be > Oat all points and >0O at some points; and if tt is O everywhere, 
then the tensor must have covariant derivative 0, 


a} 8 . 
(). (2) 


Also, the assertion applies not only to tensorfields which are holomorphic, 
that 1s 
0 (3 


Q). (4) 


It should be noted that solutions of (4) are not so much “holomorphic,” 
as rather “harmonic” in a certain sense, even when complex-valued, and 
that irrespective of curvature properties the number of linearly independ 
ent ones is always finite on a compact Iy,, by a general theorem.’ An 
effective corollary to Theorem 3 ts as follows 

THEOREM 3. Jf at every point of our space we denote by M and m the 
algebraically largest and smallest eigen-value of the matrix —R 3+ and tf for 
p> 0,qg > Owe have pm — ql > O everywhere and 


pm q M>O (5) 


somewhere, then there exists no solution of (4) for such p, qg; and if we have 
pm — gM = Othen any solution of (4) must also satisfy (2 

We note that (5) is fulfillable only if either 17 > m > 0, JJ > Oor O 
Ml > m0O> ™m, so that, in effect, Theorem 5 applies only to spaces whose 
Ricci curvature is either everywhere >0 or everywhere <0. In this respect 
it is no more general than Theorem |, which it otherwise subsumes for g = O 
or p 0, respectively. The most interesting conclusion from Theorem 3 
arises for \J = m. 

THEOREM 4. Jf a compact Kaehler manifold is an Einstein space 


2 
Ras bg as* 


og 


then for b > O there is no holomorphic tensor (1) with p > q, and for b < 0 none 
with p <q; and those with p = q must have covariant derivative 0. 

Also, for b 0, that ts Ryge 0, every solution of (4) must have covariant 
derivative 0. 

Thus, on complex projective space, complex Grassmann varieties, ete., 


there are no holomorphic tensors with more lower than upper indices, and 


on their hyperbolic counterparts, if compact, there are none with more 


upper than lower indices; and a space with vanishing Ricci curvature 
shows the behavior of a complex multi-torus. 

In general hermitian metric (non-Kaehler) our assertions will remain in 
force, if we replace in the text the Ricci tensor — R,,4+ by the tensor 


. pa * 
Sap 4 Rig 


atts (t)) 
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which need no longer be equal to it, and if we retain condition (3) or (4) for 
our tensors (1), which conditions, however, are no longer implied by halo 
morphy component-wise.'? Thus, Theorem 3 remains literally in force if 
M, m are the maximum and minimum of (6), and, for instance, for m > O 
there is no solution of (4) with p > 0, q = 0. 


Vector Fields and Ricci Curvature,” Bull. Am. Math. Soc., 52, 776 797 (1946 
? “Curvature in Hermitian Metric,’’ /bid., 53, 179-195 (1947) 
’Tensorfields with Finite Bases,’’ Ann. Math., 53, 400-411 (1951). 


ON THE FORMAL EXPANSION OF OPERATOR FUNCTIONS IN 
TERMS OF A SET OF BASIC OPERATORS 


By CHRISTOPHER GREGORY 
UNIVERSITY OF HAWAU, HONOLULU, HAWAII 
Communicated by L. Pauling, July 23, 1951 


Introduction.-It is natural to consider the possibility of expressing a 
non-local field operator! as a formal expansion in terms of a set of basic 
operators akin, for example, to the Fourier analysis of fields which are c- 
numbers. If we consider the non-local field operator, L’(p, x), to be a func- 


“, and the displacement operators, p,, 


tion of the space-time operators, x 
(u = 0, 1, 2,3), and other operators which commute with p, and x“, our task 
reduces to determining the expansion coefficients, ay, in the expression 


U(p, x") Fgh Ad), (1) 
\ 


where JN is written as an abbreviation for sets of indices and )> may include 
V 


summation over various indices and integrations over others. For con 
venience we will choose our units such as to make 4 = 1, andc¢ = 1, so that 
the commutation relationship involving the x“ and p, may be written as 


UME p, | Q, 


ip, x*] bx" cep, 16". (2) 


In the notation of Dirac® the matrix elements of a function of the dis 
placement operator, f(p,), in a representation with the p,’s diagonal are 
given by 

(p" f(p,)| p” f(p’,)6(p’ — p”), 
where for short we write p’ and p” to mean the set p’o, Pi’, p's, p's, and py”, 
b"1, p"2, p"s, respectively; while 6(p’ — p") stands for the four-dimensional 


Dirac function 
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6(p’ }= 5(p’o Pp") 6(p's p")6(p’s p"»)8( p's 


From the identity 


and (2) we can write 


(6) 


where the subscript v’ denotes the derivative 6(p’ — p”) with respect to a, 
and p,is obtained from p” via tensor multiplication by the flat space metric 
tensor n,,- 
mM =7 = UB 
1, 
1, u 


(6) is easily seen to be consistent with (2). 
Since the x’s commute with one another we can show that if a function of 


the x's, say g(x"), can be developed in a power series, then 


, Me " O ¢ , ” 
(p g(x") p g{7 a : ol p p ‘ 
) 


upon repeatedly applying (6) and using the rules of matrix multiplication 

Let us now consider the matrix elements of the operator e“°™ in a 
representation with the p's diagonal. If the k’s are c-numbers, then the 
substitution of e#*" for g(x“) in (8) corresponds in a formal fashion to the 
k) about the point k, = 0, so that we may 


” 


Taylor expansion of 6(p’ — p 
write 
(9) 


In a similar fashion, we can obtain the results for the matrix elements in a 
representation with the x's diagonal. 
Basic Operators ’,(p, x, k).- Suppose we have a product of the type 


thy 


U Ci 6k U',(R ¢, (2p ke : (10) 
where 

¢, (2p k) On (2pPo Ro) n,(2p1 ki) Gn,(2p2 ky) g,,(2p ky), (11) 
and the m’s and k’s are c-numbers. The matrix elements of (10) in a 


representation with the p's diagonal will be 


(p'\U,(R)|p") = ¢n(2p’ — k)d(p’ b) (12) 
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as we see upon applying (3), (9) and the rules for matrix multiplication. 
Now since the x's and the p's are hermitian operators the operator which is 
adjoint to (10) 1s 
{ ,(R) a ¢,° (2p k), (1:3) 
with matrix elements 
(p'| Falk)\b") = eut(2p" — k)d(p’ — p" +k). (14) 


, 


Phe matrix elements of the product 17,(R’) (',.(k”) become upon using (13) 


and (14) or the usual rules 
p’ l wk’) U w(R” p" ¢n(2p' k’ Gn (2p" 

k")6(p’ p” k’ +k").(15) 
(15) reveals an interesting property of the operators defined by (10) 
namely, that the trace of U’,,.(k’) 7 ,,(k”) becomes 

Tr Uy AR) Ty”) 6(k” ROS Gy 2p’ Rk’ \gy*(2p' — k')d*p’, 
(16) 

so that if the ¢,'s are a complete set of orthogonal functions satisfying 


S en(2p' — R')oye*(2p’ — k')d*p!’ = Byrne, (17) 

where 
Sytye renteOn'sn? Onten” (18) 

then 
Tr Uy(k’) Upe(R") = 5(k! — R”)by_%n0 (19) 


Pan 
non”s 


The v's in the above equations may be either discrete or continuous. 

The Expansion. We shall now establish a connection between the ex- 
pansion indicated by (1) and the results of the work done leading to (19). 
Let us assume that 

U(p, x) > Sa, (kyl n(R)d4R. (20) 


The matrix elements of (20) work out to be from (12) and integration over k 


p’ U p” S* a,(p’ Pp” )en(p’ + pb”). (Ot) 


— 
Now if we make the substitution 
” ae De’, p’ 
then (21) becomes 
> 


— 
n 


‘ , 
a,(R) gp, (24 fs 


* (5) 


Now if we multiply both sides of (23) by ¢,*(2r’) and integrate over the 


variables wr’ we obtain 


a,(R) ‘ - - ~ >On* (29')d*x’, (24) 
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after using (17). Upon changing our variables of integration in 


Qn’ + 2p’ — k, 


we finally obtain 
a,(k) = S (p'\U p 
which we recognize to be simply 
a,(k) = Tr UU, (k). (27) 


We could have obtained this result directly by applying (19) but the pro 
cedure we have followed depends upon the well-established c-number theory 
of the expansion of functions in a series of orthogonal functions and thus 
serves to justify the result (27). (27) shows that the expansion is indepen 
dent of the particular representation that is being used to describe the 
operators p, and x". 

Summary and Discussion. The formal expansion of the operator func 
tions of p, and x” has been effected and it is shown that the coefficients of the 
expansion are independent of the representation of the operators (equation 
27). This, of course, is due to the circumstance that the trace of an operator 
is independent of its representation. 

The operator equations which are satisfied by the basic operators 
L’,(k) may be readily obtained if we are given the equation satisfied by the 
complete set of orthogonal functions, ¢,(2p’). For example the ¢,(2p’) 
may be associated with the characteristic functions of the Sturm-Liouville 
problem. The basic functions l’,(k), however, arose originally when an 
attempt was made to solve the operator equation 


Pwlp’, Ul] + app, pp", UP st + ae [x,, [x*, U]] + aa[x,, [p%, f 
ayl 


where the a’s are c-numbers and 
,A, Bi AB + BA. 


It will be observed that the presence of the anticommutators and comimuta 
tors of the l/ with the space-time operators x“ in the above operator equa 
tion bares a scalar field l’* which has no classical analog and thus defines a 
new kind of field. The solution of the above equation is merely a suitable 
linear combination of the basic functions (10) with the ¢,,’s being, aside 
from a phase factor, the wave functions associated with the classical prob 
lem of a four-dimensional oscillator. 


' Yukawa, H., Phys. Rev., 80, 1047 (1950). 

? Dirac, P. A. M., The Principles of Quantum Mechanics, Oxford Press, London 
(1947) 

3 Gregory, C., Phys. Rev., 78, 67, 479 (1950). 
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PASSIVE TOTAL SYSTEMS WITH CONSTANT COEFFICIENTS 
By RoBERT TAYLOR HERBST 
MATHEMATICS DEPARTMENT, DUKE UNIVERSITY 
Communicated by Marston Morse, August 31, 1951 
The system 

d¥Y = A,V dv" (¢ = I,: (1) 
where A, are known constant square matrices, } is an unknown square 
matrix and ¢ is summed, is passive it and only if 

A,A, = A,A; (2, 7 ie iP) (2) 
Such a system becomes determined by the adjunction of the conditions 

V(0) Yo, (3) 

where Vo has arbitrary constants for elements. 

The system composed of (1) and (3), if passive, is known to have a 
unique solution in the set of analytic functions by a general theorem of 
Konig! and the linearity of the right members makes possible the immedi 
ate extension of this result to the set of once differentiable functions (say, 


by the method of successive appreximations). 
Recently, Vessiot,* Saltykow* and Pini! have proved that the solution 


of a passive system (1)--or rather the system (1) in which ¥ has a single 
column, a system essentially equivalent although perhaps less easy to 
treat -can be expressed in finite form by means of the elementary func 


tions. The first two mentioned authors place restrictions upon the charac 
teristic roots of the matrices and the characteristic roots play prominent 
roles in the discussions of all three. 

It is the purpose of this note to point out firstly, that Konig’s method of 
solution and elementary integration applied directly to the system (1) 


(3) tor which (2) 1s satisfied give 


J VO", 


where 7 is again summed, and secondly, that (4) being written as a generali 
zation of the ordinary case (7 1), substitution immediately verifies the 
satisfaction of (1). From this standpoint, the nature of the characteristic 
roots is seen to be irrelevant in the existence proof, however important a 
role that nature may play in reducing system or solution to canonical form. 


Konig, J., Wath. Ann., 23, 520-526 (1884) 

* Vessiot, E., Compt. rend., Paris, 226, 289-291 (1948) 
Saltykow, N., /bid., Paris, 225, 520-521 (1947) 

* Pini, B., Boll. Un. It. Mat. (3), 5, 255 264 (1950 
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ANIMPROVEMENT OF ANINEQUALITY OF MINKOWSKI 
By NesMitH C. ANKENY* 
PRINCETON UNIVERSITY 
Communicated by H. S. Vandiver, July 12, 1951 


Let A be an algebraic number field with discriminant A, and degree nx 
over the rationals. Minkowski! proved by the use of Geometry of Num 
bers that 


log | Ax (A) 
nk 

where ¢ is a constant greater than one. One of the applications of (A) is 

that any finite extension of the rationals R is ramified (i.e., has a dis 

criminant whose absolute value is greater than one) 

A great deal of work has been done by Davenport, Rankin, Rogers and 
others on the improvement of the inequality (A). The main result of their 
work is an improvement of the value of the constant ¢ whenn, —~ ©. Asof 
now the best result is due to Rogers,” who proves that if A is totally real 
then, 

die Ot le ve 
T 
when ny, > ©. 

It is suspected that (A) can be improved to 


log AK 


NK 


> (Wy, 


where /(7,x) is a function of a, and such that /(7,%) > as nk a 

Assuming (B) to be true, one could then prove that any given algebraic 
number field has only a finite number of unramified extensions, and would 
settle the Hilbert Class Tower problem It is not yet known if this last 
statement 1s true or not. 

One can not expect /(7) to tend to infinity faster than loglog nx by the re- 
sult of Ankeny and Chowla.! To prove (B) for a general number field seems 
exceedingly difficult. 

However, in this note we shall prove that if A is normal over R and the 
group of A with respect to R is solvable in r steps (7 1s a minimum), then 
log | Ar > bl. (ng (C) 

Nk 
where /,() 1s defined as the rth iterated logarithm of n, if this is definable 
and positive, and otherwise /,(mqx) = 1, with 6 a constant. 
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The condition on the group G of A with respect to R is that G contains a 
sequence of subgroups 


G G3G,9...9G,=1, 


G 
» ° . ti~1 : 
each a normal subgroup of the preceding, and with abelian. 


q; 
‘To prove (C) we shall prove 
THEOREM |. Let F be any proper extension of R with 
k yp Ay 


Ny 


= al,—\(n) 


r 2 2,a 18a constant, and K 1s any abelian extension of F, then 


log Ax 
= ag(r)l,(n) 
nr 


where g(r) is a positive function depending only on r, and 


1 
lim [I g(r) > 0. 


T—- 
To deduce (C) from Theorem | follows quite readily by induction on r, 
provided we know that if / is an abelian extension of R, 
log Ar 


Np 


> al(np) (D) 


(1)) can easily be proved by knowing that F will be a subfield of a 
cyclotomic field, or by the following method in this note. One can show the 
= eal mo .. 7 - 
value of a in this case isa = . The critical case is when F is generated 
log 4 

by the cubic root of unity. We shall assume (D) is proved when F is 
abelian over R but this fact can be deduced immediately from Section ITT of 
this paper. 

/. In Section I we shall give some preliminary notations, definitions and 
Lemmas. 

F denotes a proper finite algebraic extension of degree m over the rational 
numbers FR, the absolute value of whose discriminant will be called A,y, 4 the 
class number of /, N(a) the norm from F to R of an element or an ideal in F, 


{n(S) = -N(A)~*, R(S) > 1 
1 


where A runs over all integral ideals in F with S a complex variable, and \ 
the residue of («(.S) at S = 1. 
(1, G, ... denote absolute positive constants, independent of F and K. 
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Let A denote a finite abelian extension of degree m over F, Ag the abso- 
lute value of the discriminant of A with respect to R, and Ax, » the relative 
discriminant of A with respect to F. 

LemMMA |. With the preceding notation 


Ak A; ™N( Ak I 
lsh s (dp)"”* 
O<A S (cq log Ap)" 


We shall not prove either Lemma | or Lemma 2 in this note. The proof 
of (1) can be found in Weyl.® (2) follows almost immediately from a 
theorem of Minkowski’s that in every ideal class there exists an integral 
ideal whose norm is less than \/A,y. (3) was first proved by Landau® and 
can be deduced in many different ways. For example, it follows from the 
methods of the rather elegant paper of S. Chowla.’ 

LemMMA 2. Let M bea given positive integer. The following equalities hold 
where the O symbols are independent of F: 


\ 


> 1= AM + OAM """) + O((Apn")°M) 
4sM 


“ \M? iain sedenee 
» y(A) + O(A Ay M* )+ O ((Apn ag") 
YS 


\ Ml 2¢K(2) 


where >. means the sum over-all integral ideals in F whose norm is 
VASM 


¢g(A) ts the Euler ¢ function defined for ideals in number fields. 

For both Lemmas | and 2 the inequalities are not necessarily the best 
possible, but will suffice for the purposes here. The inequalities (4) and (5) 
can be proved by the method of Landau.* 

IT. We shall now split the proof of Theorem | into two cases. We pre 
sent the easier case first. Assume m S A," where cy shall be chosen 
later. 

As (K:F) m and (F:R) n, then (A:R) mn. So by (1) 


log Ax log Ay” log N( Ax, v) log A, 
j > 


mn mn mn n 
By the assumptions of Theorem |, 
log Ax aynl,_, (n), a, > a 
where a is a positive constant. Now 
1 (mn) L,ah(m) + h(n)) Ss 1,-s(egnl(Ap) + 


li(n)) S L,4((e, + 1) ayn?l,_1(n)) 
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by the assumptions made on Ay and m. Hence, by (6) and (7) we see there 
exists a positive number g(r, c;) such that 


log A, 


mn 


= al, , (nm) 2 ag(r, ¢3)l,(mn) = ag(r, €3)l,(mn) 


where g(r, ¢;) is a constant that depends upon r and c;. However, we see 
1 


that ¢, 1s fixed, and we can so choose g(r, ¢;) that lim II g(r, ¢;) > 0. Hence, 
To y=2 
we see that Theorem | is proved in this case. 
1]. m2 Ap". This case is a bit more difficult. Again by (1), 


log Ax log Ap” log N( Ax. r) l (= wae) 
- + > (aS) 


mn mn mn n m 


As A is an abelian extension of F it is possible to associate with A, m 
different abelian characters in F. (See Herbrandt* for a more complete dis- 
cussion of these characters. Also, Chevalley.*) These characters are de- 
fined by certain integral ideals in F. The greatest common divisor, of all 
integral ideals that define a given character is called the conductor of the 
character. It is known that the relative discriminant of A with respect to F 
is the product of the m conductors of the characters associated with A in F. 
(See Hasse!’ for proof.) Therefore, 


' (A) log (NA) 
log N ( Ax. F) | 28 °6 


mn d2(A) 
4 


where A runs over all integral ideals in F, and g(A) is the number of 
characters associated with A which have A as their conductor. Now no 
two characters associated with A can be the same, and the maximum num- 
ber of characters which can be defined (mod <A) is less than 2”h¢(A). 
Hence, 

baa idle ° ' » ? . 2"he(A) log NA 


mn ti 2"h 


where J/ is a positive integer defined by 


m 


2, ¥(A) Ss > (A) 
tl 


<Q 
Viz M 2"h VA=M 


: : : a s — 
Equation (11) always uniquely defines 17 when yn) = 1. We see this is 
on 


the case by (2) 1f we choose c; 2 1. Now 
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=. ¢(A) log NA 2 b 2 ¢(A) log NA 2 
VA=M 


MSNASM 


M M _ 
(10x ) i " M #4) = (10x 2 YM. p> Vv 


Myj3 XM? omer = 
log =] + O(A\ A, M* )}+ O(( Apn” ) 


( | 2¢K«(2) 
by (5) of Lemma 2. However, by definition of WM we see 


m(2"h) 2 g(A + Of p ® e(A)) 
NA = M+1 


VASM 


(M+ 1) {A + OC Oe? M'~/""*"™) + O ((Apn")"M 


by the fact that g(A) S N(A), and inequality (4) of Lemma 2. 
Substituting (14) in (13) and using (5) gives 
AM? en bi rat : 
m(2”°h)-* = ; + O (A\Ap?M~ . ) + O((Apn")?°M ”). (15) 


)e ») 
«(Alo 
" 


Now m = A; 
¢; sufficiently large so that by (15 


Using the inequalities (2) and (3) we see we can choose 


M>m' (16) 
Similarly, using (14) (12), and choosing c; sufficiently large 


> ¢(A) <a =. y(A) 
VASM+1 Ms wae me 


, 


Therefore, by (10), (12), (16) and (17), 


log N(Akx, ¢) C5 
> logm ecs log Ay 
mn n 


where we define m Ar”, € = C3. 
ecs log Ap ecgbn 
where log A, bn,b >c> 1, by (A). Similarly, 
l.(mn) S 1,(m?) = 1,1 (Qebn?*). 


Hence, if we choose c, sufficiently large, therefore e is large, the above 


gives for all 7 
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log N( Ax, v) 
> ecsbn 
mn 


> 1, ,(ebn?) 
> /,(mn) 


Coupling (18) with (9), completes the proof of Theorem 1. 


* Under the auspices of the Office of Naval Research. 
Minkowski, H., Diophantische Approximationen, Leipzig, 1907 

* Rogers, C. A., ‘The Product of »m Real Homogeneous Linear Forms,’’ Acta Mathe 
matica, 37, 159-163 (1951) 

‘ Herbrandt, M. J., ‘‘Le developpement moderne de la théorie des corps algebriques,”’ 
Vem. Sci. Math., 75, 15-22 (1936). 

' Ankeny, N. C., and Chowla, S., The Class Number of a Cyclotomic Field,’’ Proc. 
Nati. Acapb. Scr., 9, 529-532 (1949) 

’ Weyl, H., Algebraic Theory of Numbers, 1940, Princeton Univ. Press 

® Landau, E., Math. Zeitschrift, 4, 152-162 (1919). 

’ Chowla, S., ‘A New Proot of a Theorem of Siegel,’” Ann. Math., 51, 120-122 (1950) 

* Landau, E., Einfiihrung in die elementare und analytische theorie der algebraischen 
zahlen und der ideale, 1927, Teubner, 124-135 

® Chevalley, C., ‘La Théorie de corps des classes dans les corps fini et le corps lo- 
eaux,” Jr. Fac. Sci., Tokyo, 3, 365-400 (1933) 

Hasse, H., ‘“‘Fiihrer, discriminante und verzweigungsgruppen relativ-abelscher 
zahikérper,”’ Jr. fiir. Math., 155, 199-220 (1926) 


TYPOGRAPHICAL CORRECTION 


In my paper ‘On the Basis Theorem for Finite Abelian Groups (Third 
Note),’’ these PROCEEDINGS, 37, 611-614 (September, 1951), the symbols 
« and ¢ surmounted by a bar, e, were used to denote, respectively, mem- 
bership and non-membership of an element in a group. Owing to a printer's 
error, the bar is omitted over some of the e's, thus making it difficult to 
follow the logic of the proof. Bars should appear over the following e’s: 

P. 611, line after ““ THEOREM,” second e. 


P. 612, line 5 from bottom. 

P. 613, line 3 from top. 

Also, on p. 611, the bar over the « on the line following the lemma 
should be made more clear. 


JESSE DOUGLAS 
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